RL-TR-91-317

Final Technical Report AD" A246 647
Decembered MERAERE

NONLINEAR OPTICS IN DENSE
FREQUENCY NARROW
SUPERSONIC BEAMS

Duke University D T l C

ELECTE
John E. Thomas s FEB 25 1992

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.

92-03
Rome Laboratory

i IIIIIIHIHIIIIHIH II!HIIJ
Air Force Systems Command

Griffiss Air Force Base, NY 13441-5700

92 2 13 197
e ——




This report has been reviewed by the Rome Laboratory Public Affairs
Division (PA) and is releasable to the National Technical Information
Service (NTIS). At NTIS it will be releasable to the general public,
including foreign nations.

RL-TR-91-317 has been reviewed and is approved for publication.

APPROVED: % . 17. “Ne ,

PHILIP R. HEMMER
Project Engineer

FOR THE COMMANDER: Zf ; é/ /‘ E/)%'

HAROLD ROTH, Director
Solid State Sciences Directorate

If your address has changed or if you wish to be removed from the Rome
Laboratory mailing list, or if the addressee is no longer employed by your
organization, please notify Rome Laboratory (ERO ) Hanscom AFB MA
01731-5000. This will assist us in maintaining a current mailing list.

Do not return copies of this report unless contractual obligations or
notices on a specific document require that it be returned.




REPORT DOCUMENTATION PAGE | S8 Ne s7oeo1ss

Publc reporting tarden for this collection of inforrration is sstimated to sversge 1 howr Per respones, NGLding the time for reviewing iNStruCtions, SSerching eXistng deta soLrces,

ol meirtsining the dats nescded, endt compisting &nd reviswing the colsction of information. § ts ¥
mummwmmum»wmms&m’mr‘nuﬁ? -':‘ww'-:mdms'
Davis Highway, Sube 1204, Adington, VA 222024302, and in the Office of Mansgemer—t and Budget, Papsrwork Rech.ction Project (0704-01 85), Weshington, DC 20503
1. AGENCY USE ONLY (Leave Blank) 2 REPORT DATE 3. REPORT TYPE AND DATES COVERED

December 1991 Final Apr 88 - Dec 90
4. TITLE AND SUBTITLE 5. FUNDING NUMBERS
NONLINEAR OPTICS IN DENSE FREQUENCY NARROW C - F19628-88-K-0012
SUPERSONIC BEAMS PE - 61102F
6. AUTHOR(S) PR - 2305
TA - J7
John E. Thomas WU - 34
7. PERFORMING ORGANIZATION NAME (S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
Duke University REPORT NUMBER
Office of Research Support
Durham, Durham County, NC 27706 N/A
9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING/MONITORING
Rome Labora tory (ERO) AGENCY REPORT NUMBER
Hanscom AFB MA 01731-5000 RL-TR-91-317

11. SUPPLEMENTARY NOTES .
Rome Laboratory Project Engineer: Philip R. Hemmer/ERO/(617) 377-5170

12a. DISTRIBUTION/AVAILABILITY STATEMENT 12h. DISTRIBUTION CODE
\
Approved for public release; distribution unlimited.

13. ABSTRACT (Madmum 200 worcls)
A broad program of research has been undertaken to develop novel magnetically

compensated supersonic beams and to study the interaction of light with these systems.
The technique was demonstrated initially with strontium where a 50% absorption and

18 MHz linewidth was obtained using a transition with a 22 usec radiative lifetime.
The new method was then applied to observe continuous spatial photon echoes in
samarium, which will have important applications in spatial phase conjugation and in
nonlinear optical processing including optical field spatial convolution and correla-
tion.

In addition to this research, the use of a magnetic field gradient in the magnetic
compensation method led to the development of novel Raman induced resonance imaging
techniques for moving atoms in beams. The method can achieve uncertainty limited
spatial resolution in the nanometer region with wide applications in atomic optics,
including interferometers, gyroscopes and ultrahigh resolution lithography.

14. SUBJECT TERMS 15 NUMBER OF PAGES
Nonlinear optics, Atomic beams, Raman scattering, Photon echoes 40
18 PRICE CODE
17. SECURITY CLASSIFICATION 18. SECURITY CLASSIFICATION [19. SECURITY CLASSIFICATION 120. UMITATION OF ABS
OF REPORT OF THIS PAGE OF ABSTRACT ON OF ABSTRACT
gﬂgg&SSIFIED UNCLASSIFIED UNCLASSIFIED UL
754001 -280.8500 Stancwa f o 206 (Rev 2-89)
Prescrioed by ANS! St 23919
200102




Accesion For

NTIS CRA&I

DTIC TAB
Ui-announced

- ey
-

L

Jusbhicatonn

By

I. DEMONSTRATION OF MAGNETICALLY COMPENSATED |
SUPERSONIC BEAMS @*l |

The first step in our program was to demonstrate that the magnetically compen-
sated supersonic beam was a viable concept, by achieving a very large single pass
absorption coefficient and narrow linewidth in a weak atomic transition. Briefly, the
compensated beam system consists of a tantalum tube oven, filled partially with the
atomic metal of interest, and heated by a current of up to 500 A. Drilled in the side of
the tube is a pinhole of 50-150 microns diameter through which a supersonic atomic
beam emerges after adiabatic expansion. This beam has the narrow spread of thermal
speed due to the cooling effect of the expansion. A laser beam intersects the atomic
beam at right angles to the central axis of the emerging cone of atoms. In the absence
of any magnetic compensation, atoms which travel at different angles with respect
to the laser beam experience different Doppler shifts. In this case, the absorption
linewidth for an interaction path length of 4.4 cm is about 500 MHz for a typical vis-
ible transition. The interaction is limited to those atoms which are Doppler shifted
within a natural linewidth (or transit width) of resonance. In order to dramatically
increase the number of interacting atoms, a pair of opposing magnet coils is placed
on the laser beam axis on either side of interaction region. For the atomic transitions
employed in the experiments, which are all J = 0 ground state to J = 1, M =1
excited state optical transitions, the magnet coils have the effect of producing a field
gradient which shifts the excited state as a function of the atomic position along the
laser axis. Since the Doppler shift varies approximately linearly in position along
the laser beam axis, the strength. of the magnetic field gradient generated by the
opposing magnet coils can be adjusted to cancel the Doppler shift over an extended
region along the laser beam axis. This leads to a very narrow resonance line and
tremendously enhanced absorption which is ideal for nonlinear optics experiments.

This method was demonstrated initially using the 1Sy —® P, transtion in ‘Y}
at 556 nm. With a radiative lifetime of 875 ns, the absorption coefficient for a weak
laser beam traversing a 4.4 cm path of atoms was so large that it did not go below
50% until the laser was detuned more than 50 MHz from resonance.

In order to carefully study the lineshape for the magnetically compensated beam,
it was realized that a much weaker transition was needed. For this purpose, the
15, —3 P, transition in 38Sr at 690 nm was selected. With a radiative lifetime of
22 usec, this transition seemed ideal for the study, and opened up the possibility of
coherent interaction of the atomic sytem with the laser field over extended distance
along the atomic beam axis. Unfortunately, operaiion of the ring dye laser at this
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wavelength proved to be a formidable task. Pyridine 2 optics were used with Pyridine
1 dye. When these were installed in the 699-21 dye laser, it was not possible to obtain
lasing. This resulted in a substantial time loss. Finally, we inserted a 100% reflector
in the laser output port and converted to standing wave operation. Once the initial
alignment was completed, a 4% output coupler was inserted and 500 mW at 690 nm
was obtained open cavity using 6 W of all lines argon ion pump power. By using
a 2% output coupler, we finally obtained 100 mW of stable single mode power with
only 5 W of pump power, which enabled us to begin the lineshape experiments in
strontium.

The data obtained in the strontium experiments demonstrated beautifully the
magnetically compensated beam method and yielded good lineshapes which could be
compared to predictions. An absorption enhancement of 29:1 was obtained with the
compensating coils to achieve a 50% absorption and a compensated linewidth of 18
MHz. The atomic density in the 4.4 cm interaction path was estimated at 1.2 x 10'1.
The lineshapes obtained were in good agreement with theoretical predictions which
included the frequency chirping due to the atomic motion across the magnetic field
gradient.

Publications based on this Research

1) K.D. Stokes, C. Schnurr, J. Gardner, M. Marable, S. Shaw, M. Goforth, D.E.
Holmgren, and J. E. Thomas, “Magnetically Compensated Supersonic Beams for
Nonlinear Optics,” Optics Letters 14, 1326 (1989).

II. CONTINUOUS SPATIAL PHOTON ECHOES

In demonstrating the magnetic compensation method in atomic strontium, it was
appreciated that the long radiative lifetime of the *P excited electronic state opened
up the possibility of achieving continuous coherent interaction of the atomic system
with laser fields over large distances along the atomic beam axis. One important
application is the development of continuous spatial photon echoes in atomic beams.
Continuous echoes can be used for nonlinear optical processing, including spatial
phase conjugation and correlation or convolution of pairs of optical fields. In addition,
continuous generation of dense macroscopic optical coherence in atomic beams has
applications in a variety of fundamental experiments, such the evolution of optical
coherence in cavities, and the study of optical quantum noise.




Due to the difficulty we experienced in the strontium experiments; we sought a
different atomic system for the echo experiments. The appropriate system needed a
simple two level atomic transition in the visible region with a somewhat longer spon-
taneous lifetime than ytterbium. After some searching, the samarium atomic system
presented itself as a good choice. For the first experiments, the " Fp —7 D, transition
at 599 nm was chosen. With a 1.7 usec radiative lifetime, it permitted coherence
to propagate over millimeter distances along the atomic beam axis. Further, the
transition permitted the use of R6G dye, greatly simplifying the dye laser operation.

In the experiments, the atomic beam is magnetically compensated by taking ad-
vantage of the excited state Zeeman tuning, for which the g-factor is 2.83. Fora 1
cm interaction path length with the laser fields, the Doppler width without compen-
sation, 100 MHz, is reduced to 5 MHz. The atoms cross two cw focussed laser beam
regions, each of 50 micron diameter. This yields a transit time bandwidth somewhat
larger than the compensated Doppler width. In this way, nearly all atoms interact
strongly with the laser fields. The field intensities were adjusted to yield nominally
7/2 and 7 pulse areas in the atom frame, to optimize the echo amplitude. With the
laser fields separated by 0.5 mm, a strong continuous echo field was observed 1 mm
downstream from the first laser field. Unlike previous work on continuous coherent
radiation by atoms which traverse separated fields, the echo fields generated in the
present experiments could be viewed with the unaided eye. Prior work utilized het-
erodyne beats with a strong local oscillator to make measurements. A permanent
record of the spatial echo signals in our experiments was obtained by imaging the
echo field onto a Reticon diode array.

The measurements yielded a somewhat unexpected nonexponential decay charac-
teristic for the spatial echo signal as a function of separation between the input laser
fields. This was found to be due to the magnetic compensation, which causes the
atomic radiation frequency to chirp as the atoms move through the field gradient. A
simple theory taking the chirp effect into account yielded predictions in qualitative
agreement with the data.

The experiments demonstrated that very dense optical coherence can be gener-
ated and transported downstream in a magneitcally compensated beam. This method
opens up the possibility of a variety of fundamental and applied physics experiments
as discussed above.

Publications based on this Research

1) C. Schnurr. K.D. Stokes, G.R. Welch, and J.E. Thomas, “Continuous Spatial Pho-
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ton Echoes.” Optics Letters 15, 1098 (1990).
2) J.E. Thomas, K.D. Stokes, C. Schnurr, and G.R. Welch, “ Continuous Spatial
Photon Echoes,” IQEC '90 (Anaheim, May 1990).

II1. PRECISION ATOMIC POSITION MEASUREMENT
USING OPTICAL FIELDS

The success in applying magnetic field gradients to compensating the Doppler
broadening of diverging supersonic beams suggested that it might be fruitful to pursue
other applications of field gradients. Motivated by the lack of position measurement
techniques for moving atoms in atomic beams, we have developed a novel atomic
imaging technique based on resonance imaging in intense field gradients. The purpose
of the methods which are being developed is to replace the mechanical hot wire and slit
methods generally used for measuring atomic beam intensity distributions with high
resolution optical techniques. It is expected that the new techniques, which ultimately
can achieve uncertainty limited position resolution in the nanonmeter region, will find
wide applications in the newly emerging field of atomic de Broglie optics.

The basic method is use a spatially varying potential to make the resonance fre-
quency of simple atoms position dependent, analagous to magnetic resonance (MR)
imaging. Unlike conventional MR imaging, the method employs Raman- induced
resonance imaging using optical fields. The use of optical fields permits the measure-
ments to be made in very small volumes with very large spatially varying potentials.
This leads to quantum mechanical limits on the measurement accuracy.

In the initial experiments, an atomic samarium beam is collimated to 1 mr and
passes through three regions:

i) An optical pumping beam, resonant on the "F; —7 Fy transition at 571 nm. This
beam empties the M = 1 sublevel of the "F) electronic ground fine structure state,
leaving population in the M = 0 sublevel. This level is used as the initial state for a
Raman transition back to the M = 1 sublevel.

ii) A Raman region containing two optical fields, both of which are 100 MHz off
resonant with the 7Fy excited state. This region induces Raman transitions from
the M = 0 initial state to the M = 1 final state, which is initially empty. In this
region, a 100 G uniform magnetic field plus a 500 G/cm field gradient are applied.
The net effect of these two fields is to shift the M = 1 ground sublevel at a rate
of 10° Hz/cm. The optical Raman fields are generated by acoustooptic modulation
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from a common laser field to eliminate laser jitter and achieve transit time limited
frequency resolution on the Raman transition. With an atomic beam speed of 8.6
%x10* cm/sec and a Raman region diameter of 2.3 mm, transit limited resolution of
230 kHz (FWHM) is predicted and obtained in the experiments when the gradient
magnet is off.

With the gradient magnet on, only atoms in the spatial region tuned within 230
kHz of resonance with the Raman fields make a Raman transition from the initial
M = 0 state to the final M =1 state.

iii) An optical field resonant with the 7F;, M = 1 —7 Fj interrogates the M = 1 final
state. The number of atoms in the final state is proportional to the number of atoms
in the initial state near the spatial region where resonance with the Raman fields
occurs. By measuring resonance fluorescence intensity in this region as a function of
the uniform magnitic field strength, the spatial region resonant with the Raman fields
is swept across the atomic distribution, yielding the atomic density as a function of
position across the atomic beam.

At present, spatial resolution has been studied by measuring the shadow of a 25
micron diameter gold coated tungsten wire placed just before the Raman fields. To
date, the best resolution is about 2.5 microns, which is close to the theoretical limit
of 1.7 microns due to the velocity of the moving atoms along the measument axis.

Much higher resolution will be obtained with the next generation systems which
employ large spatially varying light shifts instead of magnetic field gradients. This
method permits final state tuning rates of 10*?> Hz/cm over micron regions: Since
the initial state is not shifted by the applied spatially varying potential, momentum
is imparted to the atom only after it makes a transition into the final state. In this
case, for adequately collimated atomic beams (50 pr half angle) it is easy to show
that the momentum spread imparted by the force due to the field gradient and the
position resolution obey the Heisenberg uncertainty relation. In fact, for a Raman
region comprised of laser beams with a gaussian spatial intensity distribution, it is
possible to put atoms into the final state in a gaussian minimum uncertainty wave
packet.

Publications based on this Research

1) J.E. Thomas, “Uncertainty-Limited Position Measurement of Moving Atoms using
Optical Fields,” Optics Letters 14, 1186 (1989).




2} J.E. Thomas, “Quantum Theory of Atomic Position Measurement using Optical
Fields,” Phys. Rev. A42, 5652 (1990).

3) J.E. Thomas, K.D. Stokes, C. Schnurr, J. Gardner, and G.R. Welch, “Atomic Po-
sition Measurement and Localization using Optical Fields,” De Broglie Optics Work-
shop, (Santa Fe, N.M. 1990).

4) G.R. Welch, K.D. Stokes, C. Schnurr, J. Gardner, an J.E Thomas, “Uncertainty
Limited Atomic Position Measurement using Optical Fields,” Symposium on Atomic
Optics, Annual Meeting of the Optical Society of America, Boston, MA (November,

1990).

Report of Inventions based on this Research

1) Precision Optical Measuring System for Atoms in Beams
(submitted to Duke office of Technology Transfer, file #00635)




a reprint from Optics Letters

Magnetically compensated supersonic beams
for nonlinear optics

K. D. Stokes, C. Schnurr, ]. Gardner, M. Marable, S. Shaw, M. Goforth, D. E. Holmgren, and J. E. Thomas

Degartment of Physics, Duke University, Durham, North Carolina 27706

Received July 12, 1989; accepted September 25, 1989

Doppler frequently shifts for a laser field interacting with a diverging supersonic atomic beam are canceled using
spatially varying Zeeman shifts. Dense atomic beams with long interaction path lengths and narrow linewidths are
obtained for spectroscopic and nonlinear-optics applications.

It is well known that supersonic beams are useful for
producing dense sources of atoms and molecules for
spectroscopic applications.l? In such beams, adia-
batic expansion causes the temperature to drop so that
the velocity distribution relative to the average stream
speed is narrow.1.2 This low-temperature characteris-
tic has been exploited in a variety of experiments to
produce weakly bound species, such as van der Waals’s
molecules,? and to produce clusters. For optical laser
spectroscopy, however, the wide divergence angle of
the expanding beam leads to substantial Doppler
broadening, which is reduced in many experiments by
collimation. Collimation is adequate whenever the
signal-to-background ratio or experimental require-
ments permit a short interaction path length. In
many experiments this is not the case, and alternative
means of reducing the linewidth have been developed.
Recently, pulsed slit nozzles have been used to reduce
Doppler broadening of a long-path-length (2.5-cm)
molecular beam by exploiting the fact that the stream-
lines of the beam tend to be perpendicular to the slit
except at the edges.” Linewidth reductions of three-
fold to sixfold in infrared spectra have been obtained
in this way.> While this technique is general, the slit
-configuration requires pulsed operation to reduce
source consumption and pumping requirements.
Furthermore, the linewidth reduction is modest for
some applications.

In nonlinear-optics applications, it is viten impor-
tant *o have a high-density beam and a long interac-

tion path with a narrow linewidth in the optical region. .

In this Letter a new technique is demonstrated that
achieves this goal by using a spatially varying Zeeman
shift to compensate the Doppler broadening of a di-
verging supersonic beam.® A greater than 20-fold
linewidth reduction and peak absorption enhance-
ment are obtained on the 1S, — 3P, transition at 690
nm in 888Sr, for which the radiative lifetime is 22.4 usec.
Absorptions of greater than 50% and a linewidth of
~18 MHz are obtained with a 4.4-cm interaction path
length.

The 1Sy — 3P, transition at 690 nm in 38Sr was
chosen for the demonstration because of its long 22.4-
usec radiative lifetime and correspondingly weak tran-
sition strength. In this way, the compensated line

0146-9592/89/231324-03$2.00/0
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shape can be accurately studied at high density and
long path lenigth without the sample’s becoming opti-
cally thick.

The basic features of the compensated beam system
are shown in Fig. 1. A tantalum oven is heated with a
few hundred amperes of ac current to obtain a high
density of active species. A supersonic beam emerges
from a 150-um pinhole nozzle drilled in the side of the
tantalum tube and passes through a 2.5-cm aperture
located 8 cma downstream from the nozzle. The corre-
sponding divergence half-angle is 0.156 rad. The spe-
cies chosen for study, Sr and Yb, have two valence
electrons and negligible dimer formation. Hence, no
carrier gas is needed for the experiments, and, since
the metals are condensable, only a small, 5-cm (2-in.)
diffusion pump is used for the vacuum system, A
circularly polarized laser beam of ~0.5-mm 1/e inten-
sity radius crosses the atomic beam 14 cm from the
nozzle so that the interaction path lengthis 4.4 cm. In
this case, taking the laser beam propagation direction
as the quantization 2 axis, the J =00 M=0—-J=1, M

COPPER BAFFLE

_—
TANTALUM
o N

LASERBEAM ——»

Fig.1. Magnetically compensated supersonic beam.
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= | transition at 690 nm is excited. Without magnetic
compensation, the Doppler-broadened linewidth for
this configuration is found to be ~480 MHz.

To reduce the Doppler linewidth, we exploit the
low-temperature narrow velocity distribution of the
supersonic beam.!'2 In this case, the Doppler frequen-
cy shift of a given atom is approximately vof/\, where
v is the average stream speed, 6 is the angle between
the atom direction of motion and the perpendicular to
the laser beam, and A is the optical wavelength. Since
6 is approximately linear in distance along the laser
beam axis, the Doppler frequency shift is also approxi-
mately linear with position along the laser axis.
Hence, a spatially varying Zeeman shift can be used to
tune each atom into resonance with the local Doppler-
shifted laser frequency, so that the entire interaction
length of the atomic beam can be made to resonate at
the same frequency. The field produced by a pair of
opposing magnet coils (Fig. 1) is used to Zeeman tune
the M = 1 excited state, for which the g factor is 3/2.
The aspect ratio for these coils is chosen for maximum
field gradient, and the coils are water cooled. In a
typical experiment the gradient required to compen-
sate the Doppler broadening is only approximately 50
G/cm for the Zeeman tuning rate of 2 MHz/G.

Figure 2 shows the absorption enhancement and
line narrowing obtained using magnetic compensation

compared with that obtained without compensation. "

In this case, the maximum linear absorption is limited
to 50% in order to investigate the line shape. Absorp-
tions up to ~80% were obtained in this system at
higher oven temperatures. With the present setup,
nozzle clogging often occurred at still higher oven tem-
peratures when Sr was used as the active species, al-
though this did not happen for Yb.

In order to understand the line shape for the com-
pensated beam, the path-averaged linear absorption
coefficient was calculated in first-order perturbation
theory. The result is easily understood using heuris-
tic arguments and is given by

4x°ku’ J fuax  do
h =fmax 20MAX

2
o2}
expy Uy

Ir2(6)
I‘(o) \/W

X — (1)

where A is the laser detuning and the angle-dependent
linewidth is given by

2 1/2
r'e) = {%02- + (Bro)? + [(BR)* + (qu)"’lﬂz} - (2

The laser beam centered at a distance from the
source, y;, has an intensity 1/e radius R and a wave
vector . The supersonic atomic speed distribution is
assumed to be a Gaussian of 1/e width u relative to the
mean speed vy. It is assumed also that the atomic
density does not vary across the interaction path
length for the small angles of interest here. This is
consistent with the flatness of the experimental un-

compensated absorption line shape that effectively
measures the atomic spatial distribution. The Zee-
man tuning rate per centimeter is 8 = (guo/h)(dBo/d2).

Gaussian velocity and starting position distribu-
tions are assumed, so that the line shape in Eq. (2) isa
sum of Gaussian line shapes for each angle §. The
spontaneous linewidth is considered negligible com-
pared to other sources of line broadening. With the
above definitions, primary contributions to the
linewidth arise from the laser beam transit rate vo/R
and from the variation of the Zeeman shift due to the
distribuiion of the starting positions of atoms across
the oven nozzle, which is taken to be a Gaussian of 1/¢
width ro. For a point source this contribution vanish-
es. Angle-dependent contributions to the linewidth
arise from the Zeeman frequency chirp SR8 as atoms
move across the laser beam and from the longitudinal
residual Doppler width qu#é, which results from the
projection of the width of the speed distribution onto
the laser beam propagation direction. Note that for a
given speed the Doppler frequency shifts correspond-
ing to different angles 8 are included in the analysis
through the uniform angular distribution. These
Do pler shifts are compensated by the magnetic field
gradient. The frequency-integrated absorption coef-
ficient is just the usual two-level atom result
no(4x2ku?/h) = (7/2)YspontOopto, Where op = (3/25)A2
and ng is the 38Sr atomic density in the interaction
region. For aninteraction path length [, the measured
weak field transmitted power fraction will be
exp[—a(A)l].

To compare the calculated and experimentally ob-
served absorption line shapes, input parameters were
calculated for the measured oven temperature of
~1100°C using standard one-dimensional adiabatic
expansion results.> The total oven density is esti-
mated from the vapor pressure curve’ to be n = 70.2 X
10'¢/cc. The corresponding stream speed is vo = 1.3 X
105cm/sec. Assuming a collision cross section of 60 A2
and a collision effectiveness of 0.25, one obtains a
terminal Mach number of 6.2 and a velocity spread of

e L |
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Fig. 2. Uncompensated (lower trace} and compensated
(upper trace) absorption line shapes in Sr. The maximum
compensated absorption is 50%. The larger (smaller) peak
is the 88Sr (%Sr) isotope.
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Fig. 3. Theoretical compensated and uncompensated ab-
sorption coefficients versus the detunin< in units of ay =
4x2hu’no/h.

u=2.3X10*cm/sec.? These numbers yield a residual
Doppler shift of qu = 2.1 X 10° rad/sec per radian and
an uncompensated Doppler line broadening of quo =
1.2 X 1010 rad/sec per radian. For y; = 14 cm the
optimum Zeeman shift per unit length is 8 = quo/y; =
0.84 % 10% rad/sec per centimeter. With a laser beam
of 0.5-mm intensity 1/e radius, the frequency chirp per
radian is SR = 0.42 X 108 rad/sec, which is negligible
compared to the residual Doppler shift per radian.
Since the spontaneous lifetime is long, the primary
contribution to the angle-independent linewidth
arises from the oven aperture and the compensating
field gradient. For a nozzle radius of rq = 75 um, this
linewidth is 8ry = 0.56 X 107 rad/sec. With the com-
pensating field off, the corresponding linewidth is
transit time limited with vo/R = 0.26 X 107 rad/sec for
alaser beam intensity 1/e radius of 0.5 mm. Using these
parameters, one obtains the results shown in Fig. 3.

The maximum calculated absorption at line center
can be used to estimate the atomic density, which is 0.8
X 1078 (7x/2)spontSoptfio. For the measured 50% ab-
sorption, one can estimate the atomic density using a!
=0.69,! = 4.4 cm, o, = 2.3 X 10~ cm? at 690 nm, and
Yapont = 4.46 X 104 sec™!. This yields no = 1.2 X 10!/
cc. For comparison, the total Sr density calculated
from the oven density at a distance L = 14 cm from the
nozzle (assuming that the atoms travel in straight lines
after the adiabatic expansion ends) is 0.157(2ry/L)?n =
1.27 x 10112 Using the 8Sr abundance of 83%, we
have ng = 1.05 X 10!,

The calculated ratio of peak compensated to un-
compensated absorption is 29.0:1, which compares
well with the measured value of 29:4:1. Note that in
the Doppler-broadened limit, collimation of an un-
compensated beam will reduce the linewidth without
changing the uncompensated absorption. Hence, the
improvement over a collimated atomic beam with the
same source consumption and linewidth is roughly of a
factor of 29. Higher absorption coefficients and nar-
rower linewidths can be obtained at a higher source
density. However, collisions outside the nozzle ulti-
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mately increase the effective source size and thereby
increase the linewidth.

While the calculated compensation ratio and densi-
ty agree well .vith the experimental values, the line
shape obtained using the parameters based on the
oven temperature and oven diameter is qualitatively
different from that measured. Better agreement is
obtained by enlarging the effective nozzle diameter by
a factor of 6 to take into account collisions in the
expansion region, thus increasing the angle-indepen-
dent linewidth. The residual Doppler width is then
reduced by assuming a higher Mach number of 12.4 (a
larger collision cross section). This decreases the ped-
estal on the calculated line shape, and the HWHM can
be made to agree with the experimentally observed
value of approximately 18 MHz. Since parameters
are chosen to obtain agreement with the compensated
and uncompensated maximum absorption at line cen-
ter, the calculated atomic density obtained in the in-
teraction region remains as stated above.

The compensated beam system demon-trated here
provides a reasonably general technique for obtaining
high atomic densities and long interaction path
lengths for nonlinear optics and spectroscopic experi-
ments while a narrow linewidth is maintained. It can
be applied whenever the Doppler shift and the posi-
tion are correlated. In addition to supersonic beams,
any type of accelerated beam, for which the fractional
velocity spread is small, can be compensated to reduce
the spectral linewidth. We have applied the compen-
sated beam technique to the 'Sy — 3P, transition of
174Yb, where the sample was easily made optically
thick although the spontaneous lifetime is 875 nsec.
While this technique is effective for only one M level
and propagation direction, it may have important ap-
plications to atom-cavity experiments requiring a high
atomic density of two-level atoms and to nonlinear-
optics experiments in general. In addition, for weak-
line spectroscopy, this method may provide a means of
obtaining substantial signal enhancement.

This research is supported by the Rome Air Devel-
opment Center under contract F19628-88-K-0012.
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Continuous spatial photon echoes

C. Schnurr, K. D. Stokes, G. R. Welch, and J. E. Thomas

Department of Physics, Duke University, Durham, North Carolina 27706

Received April 30, 1990; accepted July 30, 1990

We report the observation of continuous spatial photon echoes in a magnetically compensated supersonic beam of
atomic samarium. Atoms cross two spatially separated cw laser pump fields to produce an intense cw echo

downstream.

In contrast to previous studies of continuous coherent radiation in separated fields, the signals are

readily observable with the unaided eye. The echo signal, which is generated in a magnetic-field gradient, differs
from usual rephasing phenomena owing to a quadratic time dependence for the optical phase in the frame of the

moving atoms.

Since the first observation of the photon echo,! optical
rephasing techniques have found a variety of applica-
tions in studies of relaxation phenomena in vapors and
condensed-matter systems. Recently, rephasing
techniques have been applied to optical processing?
and information storage.*> Rephasing techniques
also have found important application in developing
optical Ramsey resonance techniques in atomic
beams.®

In this Letter we report the observation of a new
type of continuous spatial photon echo in a magneti-
cally compensated supersonic beam’ of samarium at-
oms. By using a magnetic-field gradient to compen-
sate the Doppler shifts of the diverging supersonic
beam, a high product of density and path length (nl) is
obtained. In this case, substantial optical coherence
is spatially transferred in the experiments, leading to
large coherent signals that are radiated and directly
detected downstream from two pump regions that the
etoms traverse. Continuous coherent radiation by at-
oms that have traversed spatially separated pump
fields leads to signals proportional to the square of the
number of atoms and so is closely related to superra-
diance in extended media.® Coherent radiation in
separated fields has been studied previously in vapors?®
without the use of a magnetically compensated beam.
However, heterodyne detection was needed to mea-
sure the 107'5-W signals that were obtained.

In our experiments (Fig. 1) a supersonic atomic
beam traverses two continuous pump regions. These
regions play the roles of the usual »/2 and = pulses in
temporal rephasing phenomena as seen in the atom
frame. Hence, inhomogeneous dephasing of the mac-
roscopic polarization during the traversal time be-
tween the two pump beams is reversed after the sec-
ond pump field, leading to a large macrnscopic polar-
ization downstream from the second pump region.
This idea has been exploited previously in three-beam
optical Ramsey resonance experiments to eliminate
optical dephasing.® Unlike that in previous experi-
ments, which measure a small absorption or fluores-
cence, our system employs a magnetically compensat-
ed supersonic beam to achieve a long interaction path
length in the medium with a narrow Doppler band-
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width. This permits a large optical polarization to be
obtained so that the echo field generated by the atomic
medium 0.5 mm downstream from the pump region is
visible with the unaided eye, in contrast to previous
experiments on continuous radiation in spatially sepa-
rated fields.?

The system employs a supersonic samarium beam
that emerges from a 150-um pinhole drilled in the side
of an electrically heated tantalum tube. This beam is
collimated to a 1-cm aperture, where it crosses two cw
linearly polarized pump fields of powers of a few hun-
dred microwatts. Using a 50-um waist and a 2-mm
height for the pump beams, we achieve a transit time
bandwidth of 5 MHz. The "Fy — 7D, transition at 599
nm is excited for which the radiative lifetime is 1.7
usec. Without magnetic compensation, the Doppler
width is ~100 MHz, and few atoms are excited by the
pump fields. To reduce the Doppler width, the Dopp-
ler shifts are compensated by means of two opposing
magnet coils, which provide a Zeeman shift that varies
linearly with position along the laser beam axis.” The

—_—
TANTALUM

5
Zz

LASER BEAMS —1

Fig.1. Magnetically compensated beam showing the pump
beams and the echo.
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Zeeman shift gradient is chosen so that the ' D, M =1
state (g factor 2.83) is resonant with the Doppler-
shifted laser frequency at each position along the laser
beam axis. This method is closely related to that
employed previously for laser cooling, in which a spa-
tially varying Zeeman shift compensates for the Dopp-
ler detuning that arises as the atoms are slowed.!® For
optimum magnetic-field gradient, the Doppler width
is reduced to 5 MHz, so that the transit time band-
width is adequate to excite most atoms and a large
echo signal is obtained. By contrast, without magnet-
ic compensation, echo signals are reduced by more
than two orders of magnitude. The signals are ob-
served through a crossed linear polarizer so that the
circularly polarized echo and the circularly polarized
free-induction decay signals induced by the pump
fields are of similar intensity, while the pump fields
are blocked. These signals are imaged onto a Reticon
diode array (spacing 25 um). The laser is servo stabi-
lized to the atomic resonance frequency to eliminate
long-term drift. A typical echo signal is shown in Fig.
2. Note that the first »/2 pulse is more effective than
the second = pulse in producing free-induction decay
signals, so that the lower-intensity pulse yields the
larger transmitted signal.

The presence of a magnetic-field gradient in addi-
tion to residual Doppler broadening leads to a qua-
dratic time dependence for the phase of the macro-
scopic polarization in the atom frame. This alters the
variation of the echo intensity with position along the
atomic propagation axis from that normally expected
for a two-pulse echo, as shown in Fig. 3. For narrow
pump beams, the basic features of echo formation in a
compensated beam can be derived by using heuristic
arguments as follows. We take the atomic beam axis
in the y direction, with the center of the first pump
region at y = y; and that of the second pump region at
y = ya2. For an atom of velocity v, optical polarization
is created in the first interaction region at time ¢, = y,/
v, assuming that the atom is at the oven nozzle att = 0.
The polarization acquires a phase that is just the time
integral of the instantaneous optical frequency. The
instantaneous optical frequency differs from the natu-
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Fig. 2. Continuous spatial photon echo. The pump beams
viewed through a crossed linear polarizer appear on the left.
The echo signal is the rightmost peak.
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Fig. 3. Decay of the spatial echo intensity with position.

The data points are obtained by translating the position of
the = beam relative to the =/2 beam.

ral frequency owing to the Doppler shift kv, and the
Zeeman shift —az, where the z axis is taken as the laser
beam axis and k = 2x/\ is the optical wave vector.
The Zeeman shift —az = —(guo/h)(3B/dz)z is assumed
to vary linearly with position along the z axis. The
atomic position at time tisy = v, and 2 = v,t. Hence,
the frequency of the polarization for times t = ¢ is A(¢)
= kv, — av,t. The net phase accumulated for an atom
traveling between the two regions is then ¢; =

2 dtA(t) = kvt ~ t) — av(ty? — t2)/2. If we
assume that in traversing the second region the atomic
Bloch vector is rotated through a = angle, the accumu-
lated phase is reversed. Following this, the atom
propagates downstream to a position y, where its accu-
mulated phase is o(y) = f. dtA(t) — ¢2), with ¢ = y/v,.
Hence, the phase of the optical polarization at position

yis
Y. al: 4 2 2
‘ﬁ(Y):k'_(.Y“zJ’2+y1)—"'_2(y = 2y," + y,%).
vy 2y,

' 1)

For the supersonic beam, the velocity component v, is
distributed as a Gaussian with a narrow spread u
about the mean speed vy. The net optical dipole mo-
ment is obtained by integrating the atomic dipole mo-
ment over the speed distribution and over the interac-
tion volume. The path length along the laser propa-
gation drection is proportional to the angle 6 = v,/v,.
The dipole moment then is proportional to

— COS ¢y ]"m.. de
2 =f 20max

™

- - 2
x [ 2 enf - (222 Jewplicwl. @
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where the pulse areas in the atom frame are ¢; and ¢-
for pump regions 1 and 2, respectively. In writing Eq.
(2), we assume that the residual Doppler detuning is
small compared with the transit time bandwidth and
the Rabi frequencies. The integral over 8 is readily

{explie(y)]) = sin ¢, !




carried out. For simplicity, we assume that the mag-
netic-field gradient is chosen for ideal frequency com-
pensation in the first pump region at y = y, so that d¢/
dy =0aty=y;. Thena = kuy/y;. Since the pump
beams and echo occur within approximately a milli-
meter of y;, with y; = 14 cm, we definey = y; +eand y,
= y; + ¢o. In this case, for n/2 and x pulses in pump
regions 1 and 2, the dipole moment is then proportion-
al to

. = Mdx 0o
(explie)]) = J — exp(—M,"x")
—e T
€ - 2% 1
i 0 . - 2 ')) x - =
sm{q max [(‘ CrE1 2y, x4+ 1]}
X o ,
€ — L€," 1
0 - 2 o X - =
Trmax [(E €) x+1 2y, x+ 1]

(3)

where x = (v, — vo)/va and Mo = vo/u is the Mach
number. From Eq. (3), it is clear that the spread in
the speed distribution leads to dephasing, and rephas-
ing tends to occur at position ¢ = 2¢; (i.e., at twice the
separation between the two pump regions). However,
the quadratic dependence of the phase on distance
that arises from the magnetic-field gradient favors
rephasing at a point where ¢ = 2¢,>. Indeed,asu — 0
at high Mach numbers, x — 0, and the rephasing point
is€ = v2¢. For pump region separations ¢, of ~1 mm,
the quadratic position dependence of phase of the sine
function dramatically alters the dependence of the
echo intensity on position from the first pump region
from that expected for usual two-pulse echoes. Our
initial measurements of echo intensity versus pump-
beam separation are in qualitative agreement with Eq.
(3) assuming a Mach number M, = 5, after averaging
over a spread of ¢, in order to account for the finite
pump-beam diameter as shown in Fig. 3. However,
complete quantitative agreement has not yet been
obtained.

In conclusion, we have demonstrated a method for
preparing and transporting a large macroscopic opti-
cal coherence over millimeter distances, so that optical
coherence can be observed in a region free of all pump
fields. While the local frequency compensation tech-
nique demonstrated in Ref. 7 can be used to obtain
large signals, the observed decay of the echo intensity
with increasing distance shows that the quadratic time
dependence of the optical phase (for the present mag-
netic-field gradient configuration) limits the maxi-
mum distances over which coherence can be trans-
ported without dephasing.
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The method demonstrated in this Letter is ideally
suited to developing spatial field convolution and cor-
relation techniques. Such techniques have been ex-
plored previously using four-wave mixing,!! except
that the individual interactions with the input fields
were not spatially separated. As applied to optical
processing, our techniques are the spatial analogs of
the methods used in the time domain based on stimu-
lated echoes.2!?2 The present experiments achieve a
spatial resolution of 25 um limited by the Reticon
diode array. Much higher spatial resolution (up to
the diffraction limit) is attainable by magnification of
the echo image and increasing the bandwidth of the
medium, which is fully adjustable. In addition, opti-
cal Bloch vector noise can be studied as a function of
the Bloch angle!® by using a cw pump fields and mea-
suring the phase-dependent noise in the cw echo sig-
nals. Finally, the method is well suited to study the
evolution of optical coherence in cavities'4 in which
the emitted field can be measured directly and contin-
uously by optical methods.

This research is supported by the Rome Air Devel-
opment Center under contract F19628-88-K-0012.

References

1. N. A. Kurnit, I. D. Abella, and S. R. Hartmann, Phys.
Rev. Lett. 13, 567 (1964).

2. Y. S. Bai, W. R. Babbit, N. W. Carlson, and T. W,
Mossberg, Appl. Phys. Lett. 45, 714 (1984).

3. See T. W. Mossberg, Opt. Lett. 7, 77 (1982).

4. A.Rebane, R. Kaarli, P. Saari, A. Anijalg, and K. Timp-
mann, Opt. Commun. 47, 173 (1983).

5. A. Rebane, J. Aaviksoo, and J. Kuhl, Appl. Phys. Lett.
54,93 (1989).

. See, for example, J. C. Bergquist, S. A. Lee, and J. L.
Hall, Phys. Rev. Lett. 38, 159 (1977).

7. K. D. Stokes, C. Schnurr, J. Gardner, M. Marable, S.
Shaw, M. Goforth, D. E. Holmgren, and J. E. Thomas,
Opt. Lett. 14, 1324 (1989).

. Photon echoes can be considered as limited superra-
diance. See M. S. Feld, in Frontiers in Laser Spectros-
copy, R. Balian, S. Haroche, and S. Liberman, eds.
(North-Holland, New York, 1977).

. S. N. Bagayev, V. P. Chebotayev, and A. S. Dychkov,

Appl. Phys. 15, 209 (1978).

See, for example, W. D. Phillips, J. V. Prodan, and H. J.

Metcalf, J. Opt. Soc. Am. B 2, 1751 (1985).

J. O. White and A. Yariv, Appl. Phys. Lett. 1, 37 (1980).

See M. K. Kim and R. Kachru, Opt. Lett. 14, 423 (1989),

and references therein.

B. Vodiemicz and J. H. Eberly, J. Opt. Soc. Am. B 2, 458

(1985); P. K. Aravind, J. Opt. Soc. Am. B 3, 1712 (1986).

J. Krause, M. O. Scully, and H. Walther, Phys. Rev. A

34, 2032 (1986).

10.

11.
12.

13.

14.




OPTICS LETTERS / Vol. 14, No. 21 / November 1, 1989

Uncertainty-limited position measurement of moving atoms
using optical fields
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A method for measuring atomic spatial distributions is suggested, based on Raman transitions in an applied force
field. This technique eliminates the Doppler effect dnd provides high-frequency resolution for long-lived states,
leading to position resolution that is fundamentally limited by the uncertainty principle. The effects of atomic
motion are discussed, and a simplified analysis of the method is presented.

Recently there has been substantial progress and in-
terest in the creation of atomic distributions that vary
over small length scales by diffraction,! periodic spa-
tial modulation,? channeling,® focusing,? and cooling.5
In general, such distributions exhibit momentum-
space coherence and are of both practical and funda-
mental interest. These developments have been

urred on, in part, by the advent of practical laser
«ooling techniques.® Important applications include
atomic interferometry and the creation of submicro-
meter structures by atomic deposition..2 While tech-
niques exist to create suboptical-wavelength atomic
spatial modulation and interference, with the excep-
tion of the technique described in Ref. 3, which is
described below, methods for detection have been lim-
ited principally to hot wires, so far as the author is
aware.

In this Letter a class of techniques is suggested that
may prove useful in achieving much higher spatial
resolution of moving atoms by using optical fields and
that examine interesting features of quantum-me-
chanical position measurement.

The method for making the measurements is in
principle quite simple. Suppose that an atom in a
state (0; Fig. 1) enters a region of potential that, for
simplicity, varies linearly in one spatial direction x and
affects only level 2. Then the potential can be written
as

V(x) = —=(x — xy)F, 89)

where F is a constant force. A number of techniques
can be used to generate such a potential, some of which
are described below. The basic idea is to use the fact
that for a transition from level 0 to 2, the spatially
varying potential correlates the resonance frequency
of the atom with its position, so that optical fields of
sufficient frequency resolution can select out atoms at
one particular position, analogous to a nuclear mag-
netic resonance imaging technique. Doppler frequen-
cy shifts, which broaden the line for one-photon tran-
sitions, are readily eliminated by using a copropagat-
ing wave Raman-induced optical resonance’ (Fig. 1) or
any other Doppler-free coherent process connecting
long-lived states. In the Raman transition, it is the
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difference between the frequencies of two optical
fields that must resonate with the atomic system, and
the Doppler shift approximately cancels, so the posi-
tion measurement can be made independent of veloci-
ty. The above potential shifts the final atomic state 2
and tunes the Raman resonance frequency to make it
spatially dependent with a frequency gradient F/A =
dw/dx. In practice, the optical field difference fre-
quency can be taken as the unperturbed initial-to-
final spacing, so that the above potential selects out
atoms at position x = x;, the position at which the net
frequency shift of the spatially varying potential is
zero. This position is readily moved by varying, for
example, a small uniform magnetic field, which is su-
perimposed upon the spatially varying potential.

An important feature of the Raman technique is
that it corresponds to the absorption of a photon from
one optical field and the emission of a photon into
another, copropagating, field. Hence the net momen-
tum imparted by the Raman optical fields to the atom
is approximately zero, since the difference frequencies
of interest here are small. This has the interesting
consequence that the accuracy of the measurement is
fundamentally limited by the Heisenberg uncertainty
principle, even when the Raman fields propagate
along the measurement axis. Before we discuss other
limiting factors that are due to the atomic motion, it is
useful to consider this limit. First, consider the fre-
quency resolution required to obtain a spatial resolu-

Fig. 1. Three-level system and Raman fields. Atoms ini-
tially are in state 0.
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tion Ax. The resonance frequency shiit across the
spatial resolution length scale must equal the frequen-
cy resolution:

FAx/h =1/T. ¥4

Since the initial and final atomic states are taken as
long-lived excited states or ground states, the frequen-
cy resolution will be limited by the interaction time T
of the atom with the optical field. Hence Ax = h/
{FT). Raman transitions can occur at any time in the
Raman region, so the maximum momentum imparted
by the potential is just pma = FT. Estimating Ap ~
Pmax vields AxAp = h, which determines the funda-
mental limit. Thus the resolution accuracy is deter-
mined by the spatially varying potential according to
the uncertainty principle, and no excess momentum is
imparted by the measurement light field.

As described below, a number of techniques are
available for producing spatially varying level shifts of
10!° Hz/cm over millimeter distances, with much larg-
er shift gradients obtainable for smaller maximum
distances. Assuming a transit-time limited resolution
of 100 kHz, the corresponding spatial resolution is 0.1
um. By using a Raman-induced optical resonance
technique, it is easy to obtain much better frequency
resolution than 100 kHz by increasing T. However, as
T increases, the atomic motion limits the spatial reso-
lution. Inthesimplest case, the spatial resolution will
be limited by the velocity of the atoms along the mea-
surement axis. To determine the natural scale of res-
olution, we equate the interaction time T with the
transit time of the atoms across the resolution length.
If we take the atomic beam to be principally propagat-
ing along the y axis with velocity v, and with a compo-
nent of velocity along the measurement x axis, v,, then
the time to cross the resolution length is T = Ax/v,.
The corresponding frequency resolution is /T = v,/
A,. Using this in Eq. (2) and solving for Ax yields

AxVEL = (hUx/n]/z- (3)
A frequency gradient of 10!° Hz/cm gives Axvgy, = 0.04
um[v, (cm/sec)]!’2, For a supersonic beam of velocity
vy = 10° cm/sec, modest collimation of 1 mrad would
yield ¢, = 100 cm/sec and a spatial resolution of ~0.4
um. The optical laser beam width d must then be
chosen for consistency such that the laser beam transit
time equals the transit time across the spatial resolu-
tion length: d = Ax(v,/v,) = 0.4 um/(1 mrad) = 0.4
mm. In this way, the longest transit time possible is
used, for which the atom does not travel any farther
across the frequency gradient than the resolution
length. For this reason, optical lasers are particularly
well suited to limiting the interaction time by focusing.

If the velocity along the measurement axis is suffi-
ciently small, the acceleration due to the spatially
varying potential is a limiting factor. In this case,
equating the resolution length with the position
change due to the acceleration yields the maximum
interaction time T. Inserting this into Eq. (2) yields
the optimum resolution as

AxACCEL = (h2/2MF)U3. (4)

For consistency, the laser beam width is chosen asd =

v, T to limit the interaction time. In this case, the
momentum imparted by the force limits the measure-
ment accuracy, so this limit is in some sense the uncer-
tainty limit. For a sodium atom, a 10'-Hz/cm fre-
quency gradient yields a resolution of 0.06 um. Fora
velocity perpendicular to the laser of 10° cm/sec, the
corresponding laser beam width is 2.5 mm. The con-
dition for the velocity along the measurement axis to
dominate the resolution is for Axvgy = Axaccer. This
requires that the velocity v, be such that v, =
Ax%ccpL F/h, which is equivalent to v, 2
h/(2MAxacceL). For the above conditions this yields
v; 2 2 cm/sec.

Omitted in the above discussion are the limits im-
posed by the atomic distribution itself. In general,
any atomic beam will have some finite transverse ve-
locity spread. In a state possessing momentum-space
coherence, the different kinetic energies correspond-
ing to different momentum components will cause pe-
riodic spatial modulation to wash out when the (inco-
herent) transverse velocity averaging is performed.
This problem has been solved by having the atoms
traverse multiple separated laser fields to initiate re-
phasing.?2 If the atomic pattern varies more slowly
than Axvgy, the rephasing length will be longer than
the laser beam width. A more fundamental limit is
due to wave-pocket spreading. In this case, an atomic
distribution that varies over a length a will spread a
distance of order a over a time Tmax such that (h/
2Ma?) Tmax ~ 1. The transit time across the resolu-
tion length must be limited to Tyax. Using thisin Eq.
(2) leads to a resolution limit of Axspreap =
(Axaccer)’/a?. Hence, as long as the scale of spatial
variation is larger than AxacceL, wave-packet spread-
ing during the measurement poses no problem.

Spatially varying frequency shifts can be produced
by a variety of methods, the most obvious of which is
the use of Stark or Zeeman shifts. The latter have
been explored extensively for atomic beam deflection
applications.? Field gradients larger than 10* G/cm
are obtained by using hollow water-cooled two-wire
configurations and millimeter wire spacings, with at-
oms propagating parallel to the wires. In order to
obtain a level shift that varies along one direction
without violating the divergence or curl conditions, a
uniform bias field is applied, either as part of the two-
wire field or as an additional field. The effect of this
uniform field is to suppress the component of the
spatially varying field perpendicular to the bias field
so that its effect on the level shift is of second order in
distance. For sufficiently large bias fields, the level
shift due to the unwanted field variation over the larg-
est distances measured can be made smaller than the
linear variation in the level shift over the resolution
length. .

An interesting alternative for obtaining spatially
varying level shfits is to exploit the light shift as shown
in Fig. 2. This has been demonstrated for the case of
atoms channeled in a nonresonant standing wave.
Spatial variation of the light shift due to the trapping
light field was used to deduce the periodic variation of
atomic density from the one-photon absorption spec-
tra.® For position measurement (Fig. 2), two nonreso-
nant linearly polarized laser beams of wave vector g,
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Fig. 2. Spatial-frequency gradient based on the light shift
of two overlapping laser beams. Atoms propagate into the
page along the y axis. ©; and Q; are the Raman laser fields.

intersect at an angle 28 and are used to shift the final
state 2. The light shift, which is proportional to the
intensity in lowest order, has a spatial variation <1 +
cos(2q.x sin §). Physically, a force results from inter-
actions in which an off-resonant state (state 2 in this
case) absorbs momentum from one beam and emits
into the other, so that the net momentum transferred
to the atom during the interaction time T is just FT, as
in the above discussion. By adjusting the intersection
angle, the length scale over which the light shift varies
can be conveniently controlled. For reasonable de-
tunings and laser powers, very large frequency gradi-
ents are obtainable over small maximum spatial di-
mensions. For example, a maximum light shift of
only 10 MHz over 10-um distances would yield fre-
quency gradients of 10!° Hz/cm. For measurement of
periodic spatial patterns that vary at multiples of the
optical wave vector, a standing-wave light shift can be
used to obtain gradients of 10!2 Hz/cm at moderate
laser intensity. The resonance positionxg can be var-
ied near the maximum derivative point either by
means of a superposed uniform Zeeman field or by
tuning the Raman laser field difference frequency.
Finally, the system can be calibrated by using atomic
distributions of known periodic spatial variation pro-
duced by any convenient method,!-? and the shifting
fields can be stabilized by using an atomic resonance.
It is expected that, for long-lived atomic states, high
spatial resolution can be obtained in this way, provid-
ed that the interaction time is limited to the optimum
value, as discussed above.

Detailed calculations that support the simple argu-
ments discussed above have been carried out for the
level scheme of Fig. 1, treating the center-of-mass mo-
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tion for the atom quantum mechanically and including
a constant force that acts on level 2 only.? An impor-
tant feature is that the detection system for the final
atate need not have any spatial resolution. Ingeneral,
any convenient means for final-state detection, in-
cluding fluorescence, photon burst, and photoioniza-
tion, is applicable. This permits single-atom detec-
tion schemes and either ground states or reasonably
long-lived excited states to be employed for the mea-
surements.

The maximum state 2 count rate is given by the
product of the Raman transition probability, ng, the
detection efficiency, np, the flux in state 0, nvy, and the
effective interaction area that is the product of the
atomic beam width perpendicular to the measurement
axis, l,, and the spatial resolution, Axgpr. For n =
10%/cm? and vy, = 105, [, = 0.1 mm, Axopr = 0.1 um, the
count rate is npnr/107/sec. Taking ng = 0.1 and np =
0.1 yields a count rate of 105/sec.

Particularly interesting atomic systems for mea-
surements are the 'F; — 7F, transition in !Sm and
the 1S, — 3P, transitions of 174Yb and 8Sr. The latter
two have a long radiative lifetime and a J = 0 ground
state with no nuclear spin. They can be used by ex-
ploiting the excited-state splittings and should be im-
portant for atomic interference experiments for which
unwanted level shifts before the detection region
would pose a problem.

The author is indebted to D. Holmgren and J. Gard-
ner for many stimulating conversations about this
work. This research is supported by Rome Air Devel-
opment Center contract F19628-88-K-0012.
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A simple quantum theory of recently suggested optical techniques for ultrahigh-resolution posi-
tion measurement and localization of moving atoms in beams is presented. Both the internal and
center-of-mass motion are treated quantum mechanically so that the limitations on the ultimate po-
sition resolution due to atomic motion and wave-mechanical diffraction are included in the analysis.
The techniques utilize a miniaturized form of Raman-induced resonance imaging in which optical
fields are used to make transitions from a long-lived initial state to a long-lived final state. The final
state is shifted by the spatially varying potential of an applied force field in order to correlate the
atomic position with its resonance frequency. Spatially varying level shifts are obtainable by using
very large Zeeman field gradients or spatially varying light shifts in a small interaction volume.
This results in very high spatial resolution. The atomic transit time across the optical-field region is
limited by focusing to an ideal diameter that minimizes the spatial resolution length. The results of
the analysis show that nanometer spatial resolution of the initial-state position distribution is attain-
able. Under appropriate conditions, the final-state spatial wave function can take the form of a
minimum-uncertainty Gaussian wave packet obeying AxAp =#/2. Such states may prove useful in
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studying one-dimensional wave-packet motion in applied potentials.
8 p pplied pol

1. INTRODUCTION

Recently there has been substantial progress and in-
terest in the creation of atomic distributions which vary
over small length scales. In atomic beams, such distribu-
tions arise by diffraction,' periodic spatial modulation,?
channeling,’? focusing,* and cooling.’ In general, the dis-
tributions exhibit momentum-space coherence and are of
both practical and fundamental interest. These develop-
ments have been spurred on, in part, by the advent of
practical laser-cooling techniques.® Important applica-
tions include atomic interferometry, gyroscopes, and the
creation of submicrometer structures by atomic deposi-
tion.!?

While techniques exist to create suboptical-wavelength
atomic spatial modulation and interference in atomic
beams, methods for detection have been limited princi-
pally to hot wires. Only in Ref. 3 is optical absorption
used to determine the atomic position distribution. In
that work, atoms are channeled in an off-resonant optical
standing wave. Due to the spatial variation of the light
shifts in the standing wave, atoms at a node resonate at a
different frequency than atoms at a peak in the optical
field. Thus, a two-peak absorption spectrum is obtained
in which the height and shape of the peaks vary when the
atoms are redistributed by channeling, compared to when
they are not channeled. Since the channeling field and
the spatially varying light shift which causes the channel-
ing vary with the same scale of length, the true periodic
structure of the channeled atomic distribution could not
be directly measured in the experiments. While the posi-
tion resolution obtained was adequate (although not
specified in Ref. 3), it was limited by the spontaneous
linewidth for the transition employed as well as by
Doppler broadening. Further, the diameter of the in-
teraction region (4.6 mm) was chosen to achieve channel-

ing without heating. In this case, the interaction time is
long enough for the atoms to be redistributed over dis-
tances comparable to an optical wavelength. For op-
timum position resolution, our calculations show that the
interaction time of the atoms with the measurement field
must be much shorter, since the atoms must move no
more than the optimum resolution length. This is much
shorter than an optical wavelength for the large light
shifts employed in the experiments.

The purpose of this paper is to analyze a recently sug-
gested class of techniques’ which may prove useful in
achieving much higher spatial resolution of moving
atoms using optical fields thanp has been obtained previ-
ously. We begin by reviewing the principal features of
the method using heuristic arguments and then proceed
to the detailed derivation.

The basic method, Fig. 1, is to use a spatially varying
potential ¥(x), which makes the resonance frequency of
simple atoms position dependent, analagous to magnetic
resonance (MR) imaging. Unlike conventional MR imag-
ing, the proposed method employs Raman-induced reso-
nance imaging using optical fields. The use of optical
fields permits the measurements to be made in very small
volumes with very large spatially varying potentials,
which leads to quantum-mechanical limits on the ulti-
mate measurement accuracy. As shown in Fig. 1, the
atoms enter the Raman interaction region in a long-lived
initial state (/) which is not shifted by the potential ¥ (x)
and make a transition via two optical fields to a long-
lived final state (f) which is shifted by the applied poten-
tial. In this way, the atomic position and its resonance
frequency are correlated. The total number of atoms em-
erging in the final state is measured downstream from the
Raman region. This signal is proportional to the number
of atoms in the initial state which make a transition to
the final state near the position where the optical fields

© 1990 The American Physical Society
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FIG. 1. Atomic-position measurement by Raman-induced
resonance imaging. Atoms enter the Raman interaction region
in an initial state { with some spatial distribution along the mea-
surement axis x which is to be measured. The initial-state am-
plitude A;(y,x) is presumed to be specified at the plane y =y,
centered in the Raman fields ,{,. A spatially varying poten-
tial V(x) shifts the final state f without affecting the initial state
i and correlates the Raman resonance frequency with the atom-
ic position along the x axis. Atoms which are detected down-
stream in state f are those which have made the i — f transition
in a narrow-spatial region Ax where the Raman fields are reso-
nant for the i — f transition.

are resonant with the Raman transition. The goal is to
measure prepared incident atomic distributions without
modification due to trapping or channeling, by appropri-
ately limiting the interaction time. These techniques ex-
amine interesting features of quantum-mechanical posi-
tion measurcment and should make it possible to localize
atoms to much better than an optical wavelength for ap-
plication to a variety of interesting experiments. For the
%Sm or '*Yb systems we are currently studying, it
should be possible to achieve position resolution of =70
A.

An important feature of the analysis is that it deter-
mines the ultimate spatial resolution attainabie for mouv-
ing atoms in large spatially varying level shift gradients
which correlate the atomic resonance frequency with po-
sition. The results should have important bearing on ex-
periments which measure the interaction of atoms with
surfaces.®

Finally, it is shown below that the center-of-mass wave
function for atoms which emerge in the final state is high-
ly localized and, under appropriate conditions, can take
the form of a minimum uncertainty Gaussian wave pack-
et. These results complement recent work on atomic and
molecular internal state wave packets.’

For optimum position resolution, it is necessary that
both radiative and Doppler broadening, as well as the
laser linewidth, be negligible compared to transit-time
broadening. In some cases, a one-photon transition from
the ground state is adequate. This would require a long-
lived excited state, large spatially varying level shifts, and
high atomic-beam collimation. Alternatively, a Raman-
induced resonance between long-lived ground states can
be used,” as mentioned above and described below.

To explain the Raman-induced resonance imaging
method in more detail, suppose that an atomic beam is
prepared in an initial long-lived internal state (i) with
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some interesting spatial distribution perpendicular to the
atomic-beam propagation axis. To measure the spatial
distribution, the atoms enter an interaction region con-
taining two optical fields of frequencies @,Q, which can
induce Raman transitions between the long-lived initial
state and a long-lived final state /. The interaction region
also contains a spatially varying potential which makes
the Raman resonance frequency dependent on the spatial
position of the atom. For simplicity, suppose that the
spatially varying potential is due to a uniform force F
which affects only the final state (/) of the atom. The po-
tential is taken to vary linearly along the x axis, which is
perpendicular to the atomic-beam propagation direction,
and which ultimately will become the measurement axis.
For concreteness, let xoF be the shift of the final state due
to a uniform Zeeman field, and —xF be the shift of the
final state due to an additional Zeeman shift or light shift
which varies linearly in space. The net potential can be
written as

Vix —xg}=—(x —x¢)F . (n
Further, suppose that the atoms which enter this poten-
tial in the internal state (i) are not shifted. In this case,
the i-f resonance frequency varies linearly in space, so
that a resonance field of sufficient frequency resolution
can cause i — f transitions in a highly localized region Ax
along the x axis. The position resolution Ax is deter-
mined by the potential-energy change AV =FAx and the
frequency resolution Aw according to

(2)

where T* is the effective interaction time which deter-
mines the frequency resolution. If a one-photon optically
allowed transition is employed, then the frequency resolu-
tion will be limited by Doppler and radiative broadening
as well as by laser-frequency jitter. All of these
deficiencies are remedied by using a copropagating-wave
Raman-induced resonance between long-lived states (i)
and (f) via some off-resonant intermediate state (I) as
shown in Fig. 2.

The optical fields £2,,Q, are taken to copropagate. By
choice of the difference frequency ,—,, a Raman reso-
nance with the i— f transition frequency g can be
made to occur at the point x =x4 along the measurement
axis. The Raman fields are derived by 4 /0 modulation
from the laser field « so that the difference frequency is
casily made very stable. By using an off-resonant Raman
transition and copropagating fields, the laser jitter, beam
divergence, Doppler shifts, etc., drop out, since only the
difference frequency enters. This technique was em-
ployed previously to obtain Raman-induced Ramsey res-
onances using optical fields, where 100-Hz resolution was
readily obtained.'” By monitoring the total count rate of
atoms in state f emerging from the Raman region versus
uniform Zeeman shift (which varies x), the incident spa-
tial distribution in state i is determined. Only initial state
atoms near x =x,, the point at which Q,—Q,=w/,, con-
tribute to the signal.

The use of optical fields in the measurement leads to a




J. E. THOMAS

FIG. 2. Level scheme and Raman fields.

number of new features which are listed briefly here.

(1) Spatially Varying Level Shifts. Two-wire magnetic-
field gradients as developed for atom-deflection applica-
tions can be used to achieve spatially varying level shifts
F/h =10'"° Hz/cm over millimeter length scales. Over
smaller maximum distances, very large spatially varying
level shifts can be obtained by using the light shifts of in-
tense, nonresonant intersecting laser beams (not the Ra-
man beams). In this case, more than 10'2 Hz/cm is feasi-
ble. Spatially varying shifts this large have been used in
atom-channeling experiments, but application to position
measurements which yield the incident spatial distribu-
tion have not been explored. When the interaction time
is optimally limited as described below, exceedingly high
spatial resolution is attainable.

(2) Spatial Resolution. When long-lived states (i, f) are
chosen for measurement, the interaction time T'* is deter-
mined by the atom transit time T across the Raman re-
gion. In this case, the use of optical fields allows the in-
teraction time to be limited to an optimum value by
focusing. The optimum value of T is determined by the
criterion that the atom not move across the ideal resolu-
tion length during the measurement. The simplest limit
is due to the atomic velocity component v, along the
measurement axis. In this case, the optimum interaction
time is T=Ax/v,. With Eq. (2), the optimum spatial
resolution is given by

Ax,,=V'fiv /F . {3

For modest atomic-beam collimation and a two-wire
magnetic-field gradient, suboptical-wavelength position
resolution is readily attainable.

For a highly collimated atomic beam, v, no longer lim-
its the interaction time. In this case, the acceleration due
to the applied force and diffraction out of the resolution
length limit the smallest regions which are measurable.
For the acceleration limit, the optimum value of the in-
teraction time is such that (F/2M)T?=Ax. For the
diffraction limit, the interaction time must be such that a
particle localized into a region of length Ax spread only
over distances comparable to Ax, i.e., (A/2M Ax)T = Ax.
In either case, with Eq. (2), the optimum resolution is
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Ax,ccd: ZMF ] N (4)
which we will refer to as the acceleration limit. To

achieve this limit, we must have v, <#Ai/(2MAx ), as
shown below. For a 10'2-Hz/cm light-shift gradient, the
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optimum resolution is about 70 A for samarium and the
required collimation for a beam of speed 6X 10* cm/s is
50 urad, which is not too stringent.

(3) Uncertainty limit. Since the force due to the spatial-
ly varying potential acts on the atom only after it makes a
transition from the initial unshifted state, the momentum
uncertainty imparted by the force, Ap, is approximately
equal to the maximum momentum imparted, FT. Using
Eq. (2) we see that the final state is created with a spatial
resolution and momentum spread which obey the uncer-
tainty relation AxAp ~#i. In Sec. III B it is shown that
minimum uncertainty packets can be created under ap-
propriate conditions.

(4) Detection. The method for detecting the final state
{f) need not have any spatial resolution since the mea-
surement is done by the Raman region. Only the spatial
integral of the final-state flux is needed, therefore a
variety of final-state detection schemes are possible.
These include resonance fluorescence, and single-atom
methods such as photon burst and photoionization,
which have been successfully applied to trace-element
measurement.

II. THEORY

In the following, we consider the Raman-induced reso-
nance imaging scheme’ in detail. Schemes based on one-
photon transitions, when appropriate, yicld analagous re-
sults and need not be derived in depth. A three-level
atom with states i,I, f, as shown in Fig. 2, enters a region
with a spatially varying potential which exerts a force on
the state f only. The atom enters the region in state i
which does not interact with the spatially varying poten-
tial and makes a Raman transition via two off-resonant
light fields to the final state. The transition occurs in a
localized region determined by the resonance condition
that the initial- io-final-state frequemcy w, equal the
difference frequency of the two applied optical fields. The
total (spatially integrated) final-state flux emerging from
the Raman region is monitored downstream as a function
of the Raman-field difference frequency or as a function
of wy; which can be tuned by means of an applied uni-
form magnetic field.

In this section, the integrated flux of atoms in state f
exiting the Raman region is calculated at distances large
compared to the diameter of the Raman regions which
are assumed to be Gaussian. The steady-state amplitude
for the final state is calculated first, where it is assumed
that the wave-mechanical motion is important for the x
motion. An eikonal approximation is assumed to be ade-
quate for the y coordinate along the atomic-beam axis.
The Raman transition frequency w/; is taken to be very
small, so that the difference in the wave vectors of the op-
tical fields can be taken as zero. In this case, the net
recoil momentum of the atom in making the Raman tran-
sition is negligible. Finally, the optical fields are assumed
to be far enough off resonance with the excited state that
the excited-state amplitude can be adiabatically eliminat-
ed from the coupled amplitude equations which are de-
rived below.

The Hamiltonian for the three-level system of Fig. 2 is
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taken as

2
H=?%{-+H(°)-—p-l’.(k.t)—(x ~xo)F°P, (5)

where H'? is the internal Hamiltonian, P is the atomic
center-of-mass momentum operator, F°P is the external
force operator, and x is the position along the measure-
ment axis. The electric dipole operator is g and the ap-
plied field is of the form

A
€6, itq-R— Q0
—e

2

E(R,t)= +c.c.

€6
€07 itgR-Q,n
—'Z—e +c.c

=120ty ~y, I}
e

)

(6)

where the Raman fields are assumed to copropagate and
the difference frequency £2,—2, is assumed sufficiently
small that the wave vectors are taken to be of equal mag-
nitude. The polarizations €, , are chosen so that each
field interacts with only one transition. The Raman-field
region is taken to be centered at a position y, along the
atomic-beam axis and the laser 1 /e intensity radius along
the y axis is d. Variation in the fields along directions
perpendicular to the atomic-beam axis is assumed negligi-
ble. The atomic wave function is taken to be of the form

e™R it iyt
N’(R,l))=2—‘7?—e ! 'A,,(R,t)e "|n> ,

W)

where the velocity of the particular atom being con-
sidered is v=7#k /M prior to interaction and it is assumed
that an initial velocity average will be performed at the
end of the calculation. The internal state of energy fiw,
is [n). With these assumptions, the time-dependent
Schradinger equation yields equations of motion for the
state amplitudes A4, given by

52

——ViA,+(x —x4)F, 4,

+
A M

.
zﬁlat+vv

== S p,.ERe™ 4, , @)

where the force F, =F$5,, acts only on the final state.
We take the Raman difference frequency equal to the
i — f frequency in the absence of the force: 0, —Q,=wy;.
Then we seek solutions for which the initial- and final-
state amplitudes are time independent but vary in space.
It is assumed that the velocity perpendicular to the laser
beams v, is large (i.e., a thermal speed), while the velocity
v, along the measurement axis x is small. In this case, it
is convenient to make an eikonal approximation for the y
motion, retaining only the first spatial derivative term,
while for the x direction, both the first and second x
derivatives are retained to take into account packet
spreading. Equation (8) is then easily solved in perturba-
tion theory by finding the Green’s function for states i
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and f and treating the right-hand side as a source.
To proceed, Eq. (8) is rewritten explicitly using the
rotating-wave approximation and takes the form

) i 3
— v V——"— | 4.
3 vV IM 32 A (Rt}
— Q;:(R) —iqR—ilo, -~ N
= Y, e AR, ,
d ii 0 i
at+vv WM 2—--ﬁ-(x xo)F | A;(R,1)
Qlj(.R) —iq.R—i(m,/—nzerl(R,l), 9
2i
IR . I L Y
at M 9x? |1
9. I(R) iq- i L=
=___1.__e+qn+ (wy; n'"A,»(R,t)
2i
Q,(R) tigR+itw, —
_ [f. e+1qR+( 1 nz)‘AI(R,l)
2i
Vs
“‘TA,(R,‘),
where Qu(R)=p, € & (R)/A and Q(R)

=p;,'€,6,(R)/# and the spatial dependence of the fields
is given by the Gaussian distribution of Eq. {(6). The con-
vective derivative term describes a straight-line trajectory
for constant velocity, the second derivative term in x al-
lows for diffraction (wave-packet spreading), and the
force term takes into account the spatially varying poten-
tial which affects only the final state.

It is assumed that the Raman fields are detuned far
from resonance with the intermediate state so that
coherent transitions from the initial state to the final state
are dominant over incoherent optical pumping. In this
case, the intermediate-state amplitude A, can be adiabat-
ically eliminated from Egs. (9). Suppose that ,-
Q,=w,=w;~o so that v; ~ 0, =0, —~0,=—A. In
the large-detuning limit, we have A>>v,, q'v, Q;;, Q,,
etc. Letting A,(t)=a,(t)exp(—~iAt} in Egs. (9), the
intermediate-state amplitude is approximately given by

QR
Ay~ ———" e IR=Id1 4 (R 1)
2i —Yzi—m
QR
4 VRIS (RN L (10)
2i 12#—,'13

With Eq. (10), the evolution cquations (9) for the initial-
and final-state amplitudes take the form
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Ay, /2—id) " y s
4| ——iA
2
) (n
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el Q,(R)QJ(R)
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Equations (11) are readily solved in perturbation

theory. This yields a spatial resolution function (see
below) which includes the effects of both classical motion
and diffraction of the moving atoms. In lowest order, the
initial-state amplitude A4,;%(y,x) can be taken to propa-
gate neglecting the Raman fields. Further, the velocity
will be taken to have only x and y components. It is as-
sumed that the atomic distribution does not vary in the z
direction. Then, the initial-state amplitude satisfies

3 _ ifi 3

v, — —_—

(0} =
Y 3y Ve T oM W A;7(y,x)=0. (12)

The solution to this equation is determined by free-
particle propagation, where y /v, plays the role of the
time. If the amplitude A; is specified in the plane located
at y, along the atomic-beam axis, then the amplitude at
an arbitrary position y3,x; is evidently given by

J

;L l_ I_ 1 . 2
tkylxy—x| —v ly, iz )/uy]e —ilfik | /2m)(y; -9 )/uy

A,!O'(y;,x;)=f_”mdx;A,(y,,x;)fdk,?';e (13)

To lowest order in the Raman fields, the term on the right-hand side of the A, evolution equation (11) proportional
to A, may be neglected, since A, is assumed to be initially zero, prior to a Raman transition from state i. (That is, we
neglect the light shift and optical pumping due to the weak nonresonant Raman fields. In practice, the Raman-field in-
tensities are adjusted to give equal light shifts which cancel for the i — f transition.) The solution for the final-state am-
plitude in the y,x plane is then readily obtained by means of the Green’s function which satisfies

3 3 in 3 . F vl e , ,
vya x—a;—m—a—z—l(x —Xo); Grlp,y3;%,x3)=08(y —p;3)8(x —x3) . (14)
The final-state amplitude is given by
, , ., u(3)97(v3) ,
Apy,x)= [dy} [ dxyGply,yy;xxs)———L22 gf0qy: x1) (15)
a|Lia
2

where the Rabi frequencies are taken to be Gaussian distributions centered at y, along the y axis [see Eq. (6)] but in-
dependent of x for simplicity (i.e., the measurement length is taken to be small compared to the radius and the Rayleigh
length of the Raman beams).

As shown in Appendix A, the required Green’s function for propagating in a uniform force field is obtainable by
transforming to momentum space and is given by

2
Oy —y3) rw ] y—ys F |y—y3 — [k M)y =33 /b))
I; , N~ T k____ -k —_—! — T 7 'y
Grly,y2:x,x3) . f_wd 35 ¢xP ik 1x —x3—v, v, M v, e
VO 0. e T PR L% 7 O 3 2 Y (16)
P v, T |y, 6aM | b,

In this form, the Green's function has a simple physical interpretation. Neglecting wave-packet spreading, integration
over k for the first exponential factor yields a & function requiring the atom to follow the classical trajectory during the
time (y —p3)/v,. The second ecxponeatial takes wave-packet spreading into account. The last exponential factor is just
the phase acquired by the final state of the atom in propagating through the classical path in the potential due to the
force field.

In Appendix B, the integrated final-state flux emerging from the Raman region is evaluated starting from Eq. (15) and
yields the following result:
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f_" dx| A, (y,x)|?

2

Q.07 PR 2,0

I ® o —tul 724 —(2? 7a?)

= ~—-—-———~—f—.——— fdx‘lf du_f du.,.f.’ e e
Vs . - e
d, —2~—1A
Xe —.-[(ru,)/mu})]u+ "oy —ilUF ik x| ~xghu _ -i[(rz)/mm;)]u’_
[ F
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Equation (17) gives the general result for the integrated
flux in the final state in terms of an arbitrary initial-state
amplitude specified at the center of the Raman region
Y=y, Ai(y,,x). To obtain the final-state count rate, this
result must be multiplied by the atomic density, the
atomic-beam velocity, and the transverse dimension of

the atomic beam perpendicular to the measurement axis.

III. RESULTS

In the following sections, the spatial resolution ob-
tained with the Raman-induced resonance imaging
method is examined first, in order to verify the statements
made in the Introduction based on heuristic arguments.
Then, the final-state wave function is examined to deter-
mine the momentum and position distribution of the
final-state atoms. For a plane-wave input in the initial
state, it is shown that under appropriate circumstances, a
minimum-uncertainty final-state wave packet may be ob-
tained.

A. The spatial resolution function

Using the result given by Eq. (17), the spatially in-
tegrated final-state flux can be determined for-any given
spatially varying initial-state amplitude A,(y,,x). This
determines the dependence of the signal on the applied

’ * 1
R,(x] -—xo)=f«¢du_mexp

Physically, the meaning of this result is clear. The ex-
ponent in the Gaussian factor decreases as the Raman
beam radius d is made larger and the interaction time
longer, corresponding to higher-frequency resofution.
This tends to increase the spatial resolution and narrow
the resolution function. However, as d is increased, the
motion along the measurement axis due to v, tends to in-
crease the exponent and broadens the resolution function.
The acceleration of the final state leads to a phase factor
in the integrand which is cubic in the time (v _ /v,), as
one would expect using classical arguments. In addition,

[

uniform magnetic field (i.e., on the resonant point x,).
Further, in an important special case, described below,
this result is to determine the general form of the sam-
pling function which measures the incident atomic distri-
bution in state i. We will refer to this sampling function
as the resolution function.

The Gaussian factors in the integrand of Eq. (17} con-
strain u, to distances of order d, If the initial-state am-
plitude does not vary over distances of order
(F/2M)(d /v, ), then the dependence of the amplitudes
on u, may be neglected. This requires that the interac-
tion time d /v, in the Raman fields be not too large, so
that the final state does not accelerate over distances
comparable to the length scale over which the initial-
state amplitude varies. In this case, the u , integration is
readily done and the integrated flux then takes the form

— 2

- Q,08dVr
f_mdxlA,(y,x)P: —
Ys

—Z—-iA 4vy

X [ dx|R (x}=xq)
XA,y x?, (18)

where the resolution function R is given by

b

Fu,d 2 o e —iFl
U t€ex x| Xxgu_ —l—————u_
v Pl %, T 12AiMy]
(19)

f

diffraction also leads to a cubic time dependence of the
phase.

This result can be cast in a simpler form by using the
natural length scales for this problem which are discussed
in the Introduction. The form of the resulting resolution
function serves to justify the heuristic treatment of the
resolution limits.

It is convenient to express distance along the measure-
ment axis in units of the acceleration limited-resolu-
tion length, Eq. {4). The resolution length in turn leads
to the natural unit of transit time across the Raman
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region, Ty. Using (F/2M)T§=A0x,., one obtains
T0=(2Mﬁ/F2)m. The corresponding unit of distance
along the atomic-beam axis, y, is just d,=v,T. Defining
u_ =nd,, and expressing x| —X, in units of Ax ..., the
resolution function can be recast into the following form:

x]—x
Ry(x} —xg)=——1 | =221, (20)
Ax accel Ax accel
where
] l 2 —; i
I(s)= f dn___e-a(q /Z)i_ isgn(Fisn—i(n”/6)
— o 2
_fm 1 —a(v,2/2) _1]3
= dn—e cos |sgn(Fisn+-- |, 2n
0 T 6

with sgn(F)=+1(—1) for a positive (necgative) force.
Note that fdx',RO(x', —xo)=1. The parameters appear-

ing in Eq. (21) are given by

di g4?
a=—g+d—2r4,
d* d}
Axvei
r= -,
*Axacccl (22)
20, 172
Ax,= A '
wva |
4
d0=vy £

In terms of R, the integrated final-state flux takes the
form

f = dxlAl(y,x)l2

V2r
= v ’ "2 _
=R~ rE Jdx'l 4,00 )R (x" — x0)
vV 2rfv
=7 W}—'V!A,(yl,x'=xo)|2 , (23)

where the approximate result is valid if the resolui‘on
function is narrow compared to the length scales over
which the atomic distribution varies. The Raman transi-
tion probability is given by

—_ 2
Q,0dvVn
MR = el (hd/ Al (24)
LR

4v,

Note that the factor which multiplies the Raman transi-
tion probability in Eq. (23) is of the order of the position
resolution. The approximate result could, of course, have
been written down on the basis of physical arguments,
without detailed calculation. The important feature is

23

that the detailed shape of the resolution function is ob-
tained.

According to Eqgs. (20) and (21), the resolution function
will be approximately Gaussian if the parameter a is
large compared to unity, so that the cubic dependence
of the phase on n can be neglected. When the
velocity is so large that Ax,,> Ax,.,, which implies
v, >#/2M Ax, .. the factor r* in a of Eg. (22) quickly
becomes large and Gaussian dependence dominates the
integrand. In this limit, the resolution function takes the
form

—42
es/Za

Vira

Is)= (25)

According to Eq. (22), the parameter a is minimized for a
certain value of the Raman-region diameter d. Physical-
ly, the frequency resolution increases as d is increased.
This tends to increase the position resolution. However,
che velocity along the measurement axis v, causes the po-
sition to move during the measurement. Hence, an op-
timum diameter exists. Differentiating a with respect to
d, and setting the result equal to zero, one obtains
d o =do/r and a.,=2r’. The corresponding resolution
function then is given by Egs. (20) and (25) as

-y
exp|— | X1 7%
Rylx}—xq)= Pl [ axg (26)
o'\X |1~ Xg Ax . V7
and d,, =(v, /v, )Ax,. Physically, the atom travels a

distance along the measurement axis just equal to the op-
timum resolution length during the transit time across
the Raman region. Note that the neglect of
Fu,u_ /ZMU),Z in the argument of the initial amplitude
A, in Eq. (17) is justified if A, varies slowly compared to
Fdl, /2Mv}=#/2M:, < BX,cq in this limit.

In the opposite limit when Ax,, <Ax,. i.e., when
v, <Ai/2MAx,,..,, the ratio 7 is less than unity and the
parameter a=~d}/d®. Hence, as the Raman-region di-
ameter d is increased to order d, or greater, a decreases,
and the functions I(s) and R, narrow. As a-0, it is
clear from the exact equation (21) for I(s) that the natu-
ral length scale for s is unity, since the cubic phase plays
the dominant role in the integrand. This corresponds to
spatial resolution comparable to the acceleration length.
The function I (s) is plotted in Fig 3 for various values of
a.
When a is of order unity (1-2), the shape is nicely lo-
calized and is nearly Gaussian. However, if a is made
small, corresponding to a large Raman-region diameter,
the function I(s) is asymmetric. It oscillates on one side
and decays on the other. Physically, this is linked to the
fact that for a positive force, the final-state amplitude
created at x' to the left of the resonance position x,
within a distance of order Ax,.,, accelerates to the right
and interferes with the amplitude created at x,. Hence,
the resolution function oscillates on the left side of x for
a positive force. However, final-state amplitude created
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for x’ to the right of x, accelerates further to the right 03 F ]
away from x, and hence does not interfere. Thus, the a=2
resolution function rapidly dies off on this side of x, for a 02t .

positive force. This behavior is, of course, related to the
wave function for penetration of a potential barrier which
varies linearly in position, but is opposite to what one t ]
might expect because the final state is accelerated rather 0.4 - -
than the initial state. :

i

0.1 F

03}
B. Minimum-uncertainty spatial wave packets § 02+
The process of measuring the initial-state distribution 0.1

via the Raman-induced resonance imaging method natu- 0
rally creates the final-state spatial wave function in the —_ — —_—

form of a localized packet, since the i— f transition 0.75

occurs in a highly localized spatial region. Hence, the 0.50 + a=01 ]
method is well suited to the creation and study of spatial 0.25 F .

wave packets and it is of interest to determine the o+ |
momentum and position spread of such a state. For this

purpose, we assume for simplicity that the initial state -0.25 T

takes the form of a plane wave with 4,(y,,x)=1. In this -0.50 . * *

case, the final-state spatial wave function after the Raman -20 -10 0 10 <0

region where y >y, can be evaluated starting from Eq. s = (%' - xp)/Bx

(B6). The x| integration is straightforward and yields the

unnormalized state for an atom of initial velocity

v=fik/M as ‘l’f(y’X):e'k'RA/(}'v-")- Choosing a nor- FIG. 3. Spatial resolution function. The s axis denotes posi-
malization constant so that f T dx W'f(}’vx N2=1 yields  tion along the measurement axis in units of the optimum ac-
the final-state wave function in the form celeration limited resolution length (see text).

2md v tzy-ie
'//f(y’x): Indeleihies 2 DU elk'R
Fld |2
i | Fy—y Fo, [y -y} o [y=» |
L] , 2 1 . 2 x 2 Y2
X dyjexp | — — —Xg)— — . 27)
[ dviep d ]”"Hﬁ 5, XTI |, 6AM | . o, ]] (

—
Using Eq. (27), the momentum spread of the final-state reasonable approximation. With adequate beam collima-
wave packet is readily evaluated, since differentiation tion, the acceleration limit 1s attained and yields
with respect to x just differentiates the phase factors and  (8p 2=[(Fd)/2v,)}.

evaluation of the expectation values then requires only The position spread also can be evaluated from Eq. (27)
Gaussian integrals. The momentum spread is found to be using integration by parts and the identity
2
Fd o r__
(ApP=pl—pi=M¥Av, P+ || , @8 [ duurexpi EFrXi—r:

20, w v,
where the first term arises from a thermal average over 2 ~fiv, 3 ”6( ) 29
the transverse velocity spread and the spread in the longi- ~TF /ﬁvyl —iF ¥ ] Y=yt

tudinal velocity v, along the atomic beam is ignored for
simplicity. For a supersonic atomic beam, this is a  This yields
j

2 2 2 2
fiv Fd? 3 y—n Y= Fo, diy—y,) d?
2_ 71 2 y 2 A
=xi—-Fl= |2 | 4+ | "— = - +(Av.) +u; , 30)
(Bx)=x Fd [2Mu} 16 d ’ y My) 4 T

I
where the overline on the v, terms indicates a thermal  so that y —y, must be somewhat greater than d.
average over the initial transverse velocity spiead and the Using the position and momentum spread, the uncer-
v, spread is again ignored. For these equations to be val-  tainty product can be obtained. ihe most interesting
id, the observation point must be after the Raman region,  case is that of high collimation where the spread in v,
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satisfies Av, <#A/(MAx,..,) and the accel -ation limit is
achieved. In this case, the transverse coherence length of
the incident beam is greater than Ax,.,, and the force F
imparts a momentum larger than the transverse thermal
spread. Neglecting the transverse velocity spread terms,
the uncertainty product then takes the form

]

where d, is the natural unit of distance along the
atomic-beam axis in the acceleration limit, Eq. (22). For
observation points not too far after the Raman region,
» —, is of the order of Raman region size d and Eq. (31)
shows that a minimum uncertainty state is rapidly ap-
proached as the radius d is reduced somewhat below d.
Physically, this is easy to understand. When the radius d
of the Raman region is reduced below the size doy which
achieves optimum position resolution in the acceleration
limit, atomic acceleration and diffraction during the tran-
sit time across the Raman region are negligible. In this
case, the atom in its rest frame sees a Gaussian frequency
pulse without chirping. Due to the linear spatial varia-
tion of the final-state potential, the Gaussian frequency
distribution selects o't a Gaussian spatial distribution for
the final-state wave packet. This follows from Eq. (27)
when the quadratic terms in the phase due to v, and cu-
bic terms due to the acceleration are neglected, which
leads to a Gaussian spatial wave function for the final
state.

¢ Y~y

d

4
dg

3

16

2
(Ax)z(Ap)z=ﬁT 1+ l

(30

IV. CONCLUSIONS

The calculation of the form of the resolution function
and of the final-state wave function above ‘justifies the
statements made in Ref. 7 on the basis of heuristic argu-
ments. The results for the ultimate spatial resolution
Ax,.. show that very high spatial resolution is attain-
able for large spatially varying final-state level shifts. For
example, a samarium atomic beam of nominal speed
6X 10* cm/s in a level shift gradient of 10'2 Hz/cm yields
a spatial resolution =70 A. To obtain this resolution. it
is necessary that Ax,, <Ax,., which is equivalent to
v, <f/(2MAx, . ). For the above conditions, this re-
quires v, <3 cm/s corresponding to a beam collimation
better than 50 um. The optimum Raman beam intensity
1/e radius d is about 140 um in this case. Note that the
Doppler shifts due to divergence of the Raman beams

J

cancel if the beam radii are matched at the focus.

For large spatially varying level shift gradients, the fre-
quency resolution required to obtain the optimum spatial
resolution is not as stringent as for small gradients. In
this case, a simple one-photon transition may be applic-
able with long-lived excited states to achieve very high
spatial resolution. For example, in '*Yb, this method
can be applied to excite the 'Sy—>P, transition and ei-
ther absorption or resonance fluorescence in the interac-
tion region can be directly measured by modulating the
level shift gradient as done by Salomon et al.® In this
case, for suboptical wavelength spatial resolution the
recoil momentum for a one-photon process will be negli-
gible compared to the momentum imparted by the spa-
tially varying potential.

An important application of the Raman-induced reso-
nance imaging method is in the development of two-point
correlation techniques. By employing two pairs of Ra-
man difference frequencies, it is possible to access two
separated spatial points with high spatial resolution. The
final states for each of the regions can be made either
identical or different so that the contribution of each re-
gion to the total detected signal can be made either dis-
tinguishable or indistinguishable. The use of two-point
correlation measurements opens up the possibility of
achieving the atomic analogue of the optical intensity
correlations originally explored by Brown and Twiss. In
this type of technique, only the transverse coherence
length needs to be longer than the spatial separation be-
tween detection regions. This type of detection can be
applied to perform atom antibunching experiments and is
likely to be of use in studying atomic spatial coherence.

The simplicity of the proposed optical measurement
methods suggests that experiments based on these tech-
niques may be useful in studying quantum-mechanical
features of atomic-position measurement in general.!! In-
teresting applications include the creation and study of
one-dimensional wave packets, which, as shown above,
can be minimum-uncertainty Gaussian states under ap-
propriate conditions. The evolution of position-squeezed
states'? also may be observable with one-dimensional har-
monic wells based on spatially varying light-shift poten-
tials.
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APPENDIX A. DERIVATION OF THE GREEN'S FUNCTION FOR PROPAGATION IN A UNIFORM FORCE FIELD

According to Eq. (14) of the text, the required Green’s function satisfies

v i-*-
Y *ox M oax?

— —————ilx —xo)%+e Gely,y3;%,x3)=8y —y3)8(x —x3),

(A1)

where a positive infinitesimal (€) is added to the equation to ensure causality. The Green’s function can be found by
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Fourier-transform techniques. We begin by assuming the form

Giy.yxx)= [ [dk,dk, ( SOtk le Wtk (A2)
Substituting Eq. (A2) into Eq. (A1) ylelds
[ [ dkydk,—— (rk v, +ik,v, + Z‘Lk +1—:-xo+e Gk, k,le' 7 T he™!
_F dk.dk 1 itk ytk,xi Gk k.)= ik (y ~y )+ ik (x = x) 3
ﬁff Y2 | ok, ¢ » x’”f TR . (A3)

The integral involving the derivative of the exponential, which arises from the x-dependent term in Eq. (A1), can be in-
tegrated by parts assuming G (k,,k, =+ 0 )=0. The surface terms then vanish, and the Fourier transform is found to

satisfy
F 9G(k,, k,
#i ok,

i tkyv, +k v, +——ﬁ-—-k +—ﬁ-x0~—1e

G(ky,k )=e —itk,y' +k x'} . (A4)

Note that the same equation is obtained by Fourier transforming Eq. (A1) with f f dy dx exp—itk,y +k, x), provided
that G(y —t o, x —* 0 )—0. This equation is readily solved using an integrating factor. Let (for F#0)

fk? F ) ,
Glky,k,)= Atk k,)exp -—:—f v, +kjv, + o+ Txo—ie |dk; (A5)
2M A
where a is an undetermined constant. Then,
F oAk, k) # fik?: F ik yt—ik_x’
S o 2 +k; +Zxo— : A 6
T expth k,v, v+2M S Xo—i€ |dk; (A6)
This has the solution
_ #i kl " A k“ ﬁk'z F . . —ik y'—ik;'x'
A(k,,k,)—;:fb dk,’ exp t—F-f [k v, kv, + M +-Ex0—te dkgle 7 . (A7)
Then
Gk, k ke " 2L F ek ' (A8)
( 'y x) f 2M ﬁ'xo 1€ X ’

k
where the constant a in Eq. (A5) drops out. As k, — », G(k,,k, )—0 for positive F, since exp( *(eﬁ/l’)fk’f,)—uo. To
ensure that G(k, — — o )—0, we must take b=— . However, if F <0, we need b=+ =, so that k;'>k . Then,
againas k, -t oo, G(ky,kx )—0.

With Eqgs. (A8) and (A2), the Green’s function then takes the form

.A( ik, x fi o —ik)'x’
Giyyix,x= [ [dk,dk, o )2 v Ff dky'e " " exp | -

2 F

+ %o |k,

f kv, +k; +ﬁk
U U ZM

(A9}

To incorporate the boundary conditions in an F-independent manner, it is convenient to change variables, letting
k,=(F/#)r, k,=(F /%), and k;'=(F /#)r". Further, let b’"'=b/(F/#). Note that if F>0, dk, =|F/#ldr and if
F<0 dk, = —-IF/ﬁld-r In exther case, [ _dk —»lF/ﬁIf‘_“wdr, since the limits of integration change sign with the
sign of F according to the above substitution. Then, with = F /#, the Green’s function takes the form

1 ikrly—y'-v tr—1"Y
fdky—z—;e ! ¢ .

—lf dr' [B‘rv +Z:’ 24+ Bx,

G(y,y';x,x')=|3| I_”Qdfz lBrxf dTI'e—'a"‘ exp
(A10)

The last factor is just 8y —y'—v,(r—71""}). To ensure forward propagation, we want G—0 if y <y’'. This requires
r>71". Hence, we take b’ = — o lndependent of the sign of F. Then the Green's function becomes
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z+on My —y'—uv(r—7")) .

wm’

(A11)

By construction, > 7", so that the 6 function in Eq. (A11) is zero unless y > y’. In this case, the 7'’ integration is readi-
ly carried out to obtain

— ]Bl _ LL ﬁﬂz ’2
Gy,yix,x') =0y —y')-— f dfexp iBrx—iB |1 x' |exp|—i —— dr' |Br'v, + M +PBxq
(A12)

The 7' integration in the phase is then carried out and yields

Gly,y'ix,x"1=0(y —y')'—ﬁ'f‘“ dr——exp |iBrix —x")+iBL L x" |, (A13)

Uy - 27 Uy
where the phase ¢ is given by
B, w8 (y -y 3
R gt - ”3 A zﬁl y—y—l ‘LLl : (A14)
)’ )’ }’

It is convenient to make the substitution k =7 in Eq. (A13). In this case, for >0, [ = _dr— f = .dk7|Bl. ForB<0,
2. dr—[_*—dk/I|Bl= [ = _dk/|Bl. The Green’s function is then given by

, ' 2 ’
ey o= B =Y e L lik L —x'—p L2 ik y—y B
G(y,y;x,x") o f_w kzn_exp ik |x —x'—uv, . exp | —im ’ 2Mk
B [y—y’ 2 [y |
Xexp |iBL—2 l ] —zﬂ - : (A15)
y ¥y

The form of Eq. (A15) can be improved somewhat by noting that in propagating the final-state amplitude. the integra-
tion over x’ pchcts out the plane-wave component of wave vector k’, where k’ is the coefficient of —x’ in the phase
which appears in the integrand above. With the substitution k'=k —B[(y —y’)/v,], k may be eliminated in favor of
the integration variable k’. Then, eliminating the (") and using A= F, one obtains

Oy —»3) p= 1 y=¥y F [yl #ik: Y —y;
G 2 ’; , ')=_..__.. dk_,___ k —_y! - —_—— —f ——
Fyeix,xs o f_r 55 P ik | x —x3 v, ) W | v, ] exp | =i :
Fy—y Fo, [y—y; | 2o {y—y |
. 2 FU, 2 . 2
x —_ —— -—
exp i v, (x —xg)—i Y v, > ’, l . (A16)

which is identical to the Green’s function given in Eq. (16) of the text.

APPENDIX B: DERIVATION OF THE INTEGRATED FINAL-STATE FLUX

To proceed, it is convenient to perform the x} integration in Eq. (15) first. From Eqgs. (13) and (15) this requires cval-
uation of the integral

Vi~ (B1)

ik —i—

X,—Xx7—0v
2 ! My,

[ ﬁkl 3=y

I= fdx'z(i,(y,y'z;x,x’z Jexp
y
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Using
fdxi,ie”k'_“x*%(k—k,) (B2)
27
yields
, . )2
I=———————e(y~yz)ex ik, jx —x\—v AN AN Y e ex —1———ﬁk' el
v, Pl VT T aM |, PI7 "
FY=); Fo. [y=yi 1" F [y ]
2 . x 2 2
X -= e — .
exp 5 (x —xg)—i Py ), M v, (B3}
The k, integration required by Eqs. (15}, (B3), and (13) is done next. This requires evaluation of the integral
' 2 2
1 . Y=y F VY= Ak y =y
I,=|dk,— k —_ ! —y— .
1 f 15, €XP lt L|x—x;—v, v, Y] 0, }exp Yy v, (B4)
— ) 1212 2
S SIS CI PUSSRRRE dut G ) P dnc / i aal (BS)
2r P 26y —y,) P, M| v, M v, ’

where the observation point y is chosen downstream from the Raman region such that y —y, >>d, and d is the radius of
the Raman region. Since the Gaussian shape of the Raman regions constrains y3 =y, to within a distance d, the ©
function which appears in Gy can be taken equal to unity and the p) integration region formally extended to infinity.
With this result the final-state amplitude takes the form

0,0;
Aplp,x)=— P [dxi Ayyxy)
1
4v, —Z——fA
, 2
o , 4]
X
f mdyzexp [ d l
’ 2 ' 3
% EY Yy )_iFv, yoya | F YTy
PV Ty, T T T |, oM | o,
s 1272
My ey F oy
VvV Zﬁ(y—y,)l by, 2M | v,
X ——exp : 772 ,
2 iR YN 4 (B6)
M,

where the Rabi frequencies are evaluated at the peak of the Gaussian field distributions.

Our goal is to calculate the spatially integrated final-state flux at large distance downstream from the Raman region.
The final-state atomic flux is proportional to J =v,,| Af(y,x)(2 for the case of a collimated atomic beam. The total sig-
nal is then N « [ [dz dx J, where the integrals extend across the atomic beam from — o to co. In order to take the
limit y —y, — o0 when the observation point is well outside the Raman region, it is necessary to do the infinite x-z in-
tegration before taking the large-y limit. In this way, all of the flux is included at each value of y. Since the amplitude
is z independent, only the x integral nccd be explicitly done. Using dummy integration variables x,v5 and x{',y3 for
the final-state amplitude given in Eq. (B6) and its complex conjugate, the required in.egral is given by
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2

Q.07
[ 14,004dx = b/ [dxi [dxy Aty x4y xT)
Ys
dv, —2-—1A]
ex i————-—ny X —Xx{—v Ay = x—x)—v y 2
1 - P Zﬁ(y—yl) 1 X vy 1 vy
X — dx :
47 v - _ﬁ_ y——yl
2M v,
(p3 =y +py =y, FYi-
xf f dyzdyzexp PP : iy ’ (x —Xxg)
. 1212 v 1212
exn | My, _F Y= _ | F Y=y
PV oy —y [{2M |, M| o,
* 2 ” 2
Xex ——Aﬁ)"—— (x —x1) | 222 | —(x —x7) LA
exp 2ﬁ(y-—y,) M ! ! v,

wpE )

Note that the two terms proportional to (Fv, /2#){(y —y3)/v, J? cancel in Eq. (B6), and hence do not appear in Eq.
(B7).
At this point, the x integration is straightforward. We begin by rewriting Eq. (B7) in the form

" 0,07
f_ IAf(yvazdx: Lt fdx’lfdx'l,Ai(yhx.l)Al‘.(yl’x’l’)
4Uy lz*—lA]
© PO L, . o=y P+iyy =y, P Fyy—y3)
Xf f dydyyexp | — 3 exp |—i———xg
—o¥ —w . d ﬁ Uy
FZ( _ )4___( — 11)4 2 _ 3_ el
xexp |i Wy sV =y mpa 7| 1AW Zya =y —p7 1]
85iMu(y —y\) 6AiMv}
% F[xl(}"}'z —xy(y—y3) 7]
exp |i
2fiv,(y —y,)
My Y= y-n |’
Xexp {i——2— | |x)+v,—— | ~ |x¥ !
Pl =y [ [Ty, it v, I, (B®)
where
_ 1 - | Fyy—yy) My (xi—x}) F[(}’_)"z)z“(}"‘y'z')z]]
l,———————~ f dx exp |ix - -
Ea ly =y | 7-= fiv, #(y —y,) 24w, (y =)
ZM I
=8(x) —x| e (B9)
and
r
elyy.ys =EM— [(py =y P=(p) = ¥]. (B10)

With Egs. (38 and (B9, onc obtains
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2
- ) » [ (=9 P+ (5 =, 2
J7 1 apxittax = | —" | [ [ dyidyf exp |-
-® YS —a Y —e d
4, —Z'-—I'A
Xexp —iiy;_ylzx exp |i F2 Ly =y = =)'l [ =y’ =y —py)]
y ° ﬁMv,? 8(y—y;) 6
' . . Flxi(y =y P~(x|—€Xy ~yy )]

xfdx,Ai(yhx.)A,-'(.v,,x,-e)exp i 20,0y 1)

Y =n

2e

Xexp {iMv, xitu,

y

(B11)

—62]/2ﬁ(y—y|)].

In order to display explicitly the reality of the right-hand side of Eq. (B11), it is cunvenient to make the substitution

x—x+(e/2). Equation (B11) then takes the form
2

oc Q0!
[7 ta,p0lide = |-———
4uy %—iA
o« o A " (yé—y,)z-i-(y'z'—y,)z
x [ [ dyidyexp |- e
X [dx; 4, |pix;+< a2 |pxi—< [0 0 (B12)
i 1 2 2
where
PSS PN Ll | e d L e 00 B s L i 2R
Yu¥1,X%, ﬁv,. Y27y )Xo ﬁMv';‘ 8y —y,) 6
Fx\[(y —y3P—(y ~y3 )] F €
~. ( —! z+ - u)z
2fiv,(y ~y,) 2ﬁu,(y—y,)2{y yaltiy =y vl
My —_
S 2 P 4] (B13)
ﬁ(y—yl) . vy

Note that the right-hand side is invariant under complex
conjugation if the substitution p; <y} is made (€ changes
sign).

Next, we take advantage of the fact that the observa-
tion point y is chosen downstream from the Raman re-
gion at y,, such that y —y, >>yp) —y, ~d. In this case, it
is convenient to make the substitution u, =y3;—y, and
u;=yy —y,. Then, (y —y3)"—(y —p3 )", which appears
in the phase ¢ can be written in the form
(y —y,~u,}"—(y —y,—u,}" and expanded exactly in
powers of (y —y,)>>u; ~d. Hence,
y—=y¥=ly—yy

=—aly —y ), —u,))+6ly —y Y ul—ul)

—dy—y Nul—ud)tut~us,
=y ~»7
~3y—y u,—uy)+ 3y —p Nul—ul)

P P

(y —»3

13 1
—uy,tu;,
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{
(y =y —(y —yy¥=—2y —y Nuy—uy)+ui—ud,

(B14)
(y—py Py —yy )
=2y —yp, P2y —y Hu,+uy)+ui+ul,

1,2
27U

€= {u ).

2M, v'f

These results are substituted into Eq. (B13) and terms are
collected which are proportional to (y —y,)" where n
runs from +2 to —1. It is found that all terms vanish
except for the one with n =0. The phase then takes the
form

ﬁ_{j—’(ul "uz)(xll _XO)

¥
Fu,

2w}

FZ

— =
lZﬁMuj;‘

¢(u,,u2,X'l)=—'

(u?

—ul)

u, —uy)t. (B15)
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diffraction and acceleration are present. Note that the
phase does not separate into two terms which are func-
tions of u, and u, due to the cubic dependence on
u,—u,. With Eq. (B15), the integrated final-state flux is
given by

The phase does not depend on the distance from the Ra-
man region y, to the obscrvation point y. This is reason-
able, since the integrated flux at observation points well
outside the Raman region (y —y,>>d) should be in-
dependent of the observation position even when
J

w , Q.07 ul+ul
f_ dx|Ag(y,x)*= /4 fdx,f dulf _duzexp | — e 12
4vy %—m
F FUX FZ
Xexp | =i [=—(u;—u x| —xo)+ —(u?—ui)+ ———(u 3
‘ﬁvy 1T mxo)+ o plui g Laavoy 114
1 E r e
X 4; yixito A? yoxi=o (B16)

where €(u,,u,) is given in Eq. (B14).

Since the phase Eq. (B16) is dependent principally on the difference between u, and u, it is convenient to make the

variable change u , =(u,+u,)/2 and u _

du,du,=du ,du_. Integration is over
Eq. (B16), one obtains

. Q0
f_ dx| Ay, x)|*= n

<A

2
, fdx’,f_:du_f_:du.,exp

=uy—u,. In this case, the Jacobian of the transformation is unity so that
the entire plane. Substituting u,=u , +(u_/2) and u,=u, —(u_/2} into

2 2ul

dZ

Fo, F F?
Xexp | ~i—u,u_ |exp | ~i—{x|—xghu_ —i————u’
oi P\, T 124Mo)
. F F
X A; Xi———u, u_ |A* Xi+———u u_ | . (BIT)
i (YiX 2Muy2 + i [PisX 2ny2u+

Equation (B17) gives the general result for the integrated flux in the final state in terms of the initial-state amplitude.
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